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Abstract

We study feedback stabilization of linear systems under data-rate constraints in the presence of com-
pletely unknown disturbances. A communication and control strategy is proposed based on sampled and
quantized state measurements, where the quantization range is dynamically adjusted using reachable-set
approximations and disturbance estimates derived from quantization parameters. The strategy alternates
between stabilizing and searching stages to recapture the state after escapes from the quantization range.
Under a data-rate condition, it guarantees input-to-state stability (ISS) with respect to the disturbance.
An additional quantization symbol is introduced to establish ISS near the equilibrium. A simulation
example illustrates the effectiveness of the proposed approach.

1 Introduction

Feedback control under data-rate constraints has been an active research area for decades, as surveyed in, e.g.,
[1-3]. Such constraints arise naturally in networked control systems due to communication costs, bandwidth
limitations, and security considerations. Beyond these practical motivations, a fundamental question is how
much information is required to achieve a given control objective.

A widely used framework for achieving finite data rate is to generate the control input from sampled
and quantized state measurements taking values in a finite set. Beginning with [4—10], various quantization
schemes have been developed for stabilizing linear systems. In particular, asymptotic stabilization under
finite data rate requires dynamic adjustment of the size of the quantization range (zooming) [6—10], while the
required data rate can be reduced by dynamically adjusting its center as well (moving-center quantization)
[8—10]. These ideas have subsequently been extended to nonlinear systems [7, 11, 12] and switched systems
[13,14].

We consider feedback stabilization under data-rate constraints in the presence of unknown disturbances.
In [8, 10], a known bound on the disturbance is assumed, and the minimum data rate required for asymptotic
stabilization is characterized. Without such a bound, the problem becomes significantly more challenging, as
disturbances may drive the state outside the quantization range after capture. In this setting, [15] established
input-to-state stability (ISS) [16] using dynamic quantization with alternating zooming-out and zooming-in
stages. Similar ISS results were obtained in [17] using logarithmic quantization in polar coordinates, and
in [18] using moving-center quantization with improved data-rate efficiency. However, the fixed-center
quantization schemes in [15, 17] lead to implicit and generally conservative data-rate bounds, whereas the
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moving-center scheme in [18] relies on additional mechanisms such as a dedicated escape-detection mode
and quantizer resets. More recently, [14] proposed a disturbance-estimation framework for switched linear
systems that avoids these complexities, but achieves only the weaker property of practical ISS [19].

This paper addresses these limitations for linear systems with completely unknown disturbances. Extend-
ing the disturbance-estimation idea of [14], we propose a communication and control strategy that combines
the data-rate efficiency of moving-center quantization with a Lyapunov-based design and eliminates the need
for a dedicated escape-detection mode or quantizer resets. Our results provide an explicit characterization
of the admissible data rate and establish ISS rather than practical ISS. To this end, we design a disturbance
estimate derived from quantization parameters to replace the estimate based on an increasing sequence of
constants in [14], and introduce an additional quantization symbol for establishing ISS near the equilibrium.
These features distinguish the proposed approach from [14,15,17,18] and constitute the main methodological
contribution of the paper.

The remainder of the paper is organized as follows. Section 2 introduces the system model and information
structure. Section 3 presents the main theorem. Section 4 describes the communication and control strategy,
while Section 5 derives the update formulas using reachable-set approximations. Section 6 provides the
stability analysis, with key intermediate results summarized as technical lemmas. Section 7 presents a
simulation example. Section 8 concludes the paper with a summary and an outlook for future research.

Notation: The oco-norm of a vector v = (vy,...,v,) € R™is denoted by |v] := |v|oe = maxi<j<n |vi].
The induced co-norm of amatrix M = [a;;] € R™*" isdenoted by || M || := || M ||cc = maxi<i<n 37—y |aijl-
For a symmetric matrix M € R™*", the largest and smallest eigenvalues are denoted by A\(M) and A\(M),
respectively. A continuous function v : R>o — R>q is of class K, denoted by v € K, if it is strictly
increasing, unbounded, and satisfies v(0) = 0. The left limit of a piecewise continuous function z(-) at ¢ is
denoted by z(t7) := limg ~ 2(s).

2 Problem formulation

2.1 System definition

Consider a continuous-time linear system
& = Az 4+ Bu+ Dd, z(0) = xo, (1

where z € R™ is the state, u € R™ is the control input, and d € R™ is an unknown disturbance. The
disturbance d(-) is assumed to be Lebesgue measurable and locally essentially bounded. The essential
supremum oo-norm of d(-) over an interval .J is denoted by ||d|| ; := esssup,¢ ; |d(t)].

Our first basic assumption concerns stabilizability of (1).

Assumption 1 (Stabilizability). The pair (A, B) is stabilizable, that is, there exists a state feedback gain
matrix K such that A + BK is Hurwitz (all eigenvalues have negative real parts).

In what follows, we assume that such a matrix /X has been selected and fixed.

2.2 Information structure

We aim to generate a stabilizing control input u(-) based on limited information about the state xz(-). As
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Figure 1: Information structure.

shown in Fig. 1, the feedback loop includes a sensor with an encoder and a controller with a decoder. The
sensor samples the state at times t;, = k7, k € Z>(, where 75 > 0 is a fixed sampling period. Each sample
x(ty) is encoded as an integer i, € {0,1,..., N™ +1}, where N > 0 is a fixed integer, and then transmitted
to the controller. The resulting data transmission rate is

logy (N + 2)
Ts
bits per unit time. This information structure enables a separation of sensing and control tasks, since the

controller does not require access to the exact state. Details of the communication and control strategy are
presented in Section 4.

Our second basic assumption concerns the data rate.
Assumption 2 (Data rate). The sampling period 7, and the integer N satisfy
A= ||| < N. 2)

The inequality in (2) requires N to be sufficiently large relative to 75, thereby imposing a lower bound on
the admissible data rate. Similar data-rate conditions were shown to be sufficient for stabilizing linear systems
[9, 18] and switched linear systems [13, 14].! These conditions, including (2), are generally conservative
compared to the minimal data rate required for stabilization characterized in [8, 10]. However, the gap can
be made arbitrarily small by tailoring the quantization scheme to the structure of the system matrix A; see,
e.g., [18, Sec. V]. Furthermore, the results in [8, 10] assume a known bound on the disturbance, whereas the
disturbance is completely unknown in [14, 18] and in the present work.

3 Main result

The control objective is to stabilize the system defined in Section 2.1 under the information structure described
in Section 2.2 in a robust sense. Specifically, we aim to establish an input-to-state stability (1SS) [ 16] property
with respect to the disturbance. The theorem below adopts a characterization of ISS from [19]; see also
[15, Sec. II].

Theorem 1. Consider the linear system (1). Suppose that Assumptions | and 2 hold. Then there exists a
communication and control strategy that yields the following ISS property with respect to the disturbance:
there exist functions vy1,v2,Y3 € Koo such that, for any initial condition x¢ € R"™* and any disturbance d(-),
the closed-loop solution satisfies

[z()] < m(lzol) +72(lldlljoe0))  VE=0 3)

In contrast to [9, 13, 14, 18], the proposed approach does not require the integer /N to be odd, owing to an additional quantization
symbol introduced for establishing ISS near the equilibrium; see Section 4.1 for more details.




and
limsup |z(t)] < 73 <lim sup |d(t) \) . 4)
t—o0 t—00
The communication and control strategy is presented in Section 4. The closed-loop dynamics are derived
in Sections 4 and 5; see (12) and (24). The gain functions v, 72, and 73 are derived in the proof of Theorem 1
in Section 6; see (42) and (43). In particular, y; and 2 may depend on the choice of initial quantization
parameters, but not on xq or d(-).

4 Communication and control strategy

In this section, we present the communication and control strategy used to establish Theorem 1, assuming
that suitable approximations of the reachable sets of the state are available at all sampling times (their
constructions are deferred to Section 5).

The initial state z(0) = x( is unknown. At ¢y = 0, both the sensor and the controller are initialized with
x¢, = 0 and an arbitrary design parameter £y > 0. At each sampling time ¢;, > 0, the sensor checks whether

|z(tx) — x| < Bk, )
that is, whether the state x(¢y) lies inside the hypercube
Ry :={veR"™ :|v—a;| < Ey}.

The set R, approximates the reachable set of the state at ¢ and is used as the quantization range. If (5)
holds, then the state is visible and the system is in a stabilizing stage (Section 4.1); otherwise, the state is lost
and the system is in a searching stage (Section 4.2).

If the state is visible at tj, then the system remains in a stabilizing stage until the first sampling time
tj > t, such that z(t;) ¢ R, at which point the state escapes. Conversely, if the state is lost at ¢, then the
system remains in a searching stage until the first sampling time ¢; > ¢, such that x(¢;) € R;, at which point
the state is (re)captured. Due to the unknown disturbance, the system may alternate between stages finitely
or infinitely many times.

4.1 Stabilizing stages
At each sampling time j, in a stabilizing stage, the sensor first checks whether

E,
()] < - ©6)
If so, it transmits 7;;, = 1 to the controller. Otherwise, it partitions the range Ry, into N"= equal hypercubic
cells of radius E /N in the co-norm (/N per dimension), assigns each cell a unique index from {2, ..., N"= +
1}, and transmits the index i, of the cell containing = (ty).

Upon receiving an i, € {1,...,N"™ + 1}, the controller infers that (5) holds and reconstructs the
corresponding cell center ci, using the same indexing protocol. If i, > 2, then

E
|z(tr) — cxl < Wk (7



and

. N -1
ek — ag| < E. (®)
If ¢, = 1, then ¢ = 0 and (7) still holds.
The controller then applies the control input
u(t) = K2(t), € [th,trea), ©)

where K is the gain matrix from Assumption 1, and & evolves according to the auxiliary system
i = A%+ Bu (10)
with the boundary condition
Z(ty) = k. (11)

That is, & is updated to ¢ at each sampling time t; and is therefore only right-continuous in general.
Consequently, the controller dynamics are hybrid, comprising continuous flows and discrete jumps.

Finally, both the sensor and the controller update the quantization range by computing
xr = Fle),
Eyy1 = G(Eg, x7)
without further communication, where the functions F' and G are derived in Section 5.1.

In contrast to the quantization schemes in [9, 13, 14, 18], our scheme includes an additional quantization
cell centered at the origin, corresponding to (6). This design ensures that the control input vanishes
whenever the state is sufficiently close to the origin, which is essential for establishing ISS. It also preserves
the equilibrium at the origin without requiring the integer N to be odd.

4.2 Searching stages

At each sampling time ¢, in a searching stage, the sensor transmits the “overflow symbol” 7, = 0. Upon
receiving i, = 0, the controller infers that the state is lost and sets the control input to zero on [tx, txt1).
Finally, both the sensor and the controller update the quantization range by computing

Ek+1 = ((1 + E)Ek,é)

without further communication, where the functions £’ and G are derived in Section 5.2, and g,0 > 0 are
arbitrary design parameters. At an escape time ¢; (i.e., the start of a searching stage), the update of £ is
modified as described in Section 5.2.

S Approximation of reachable sets

In this section, we derive the update formulas used in the communication and control strategy presented in
Section 4 by constructing suitable approximations of the reachable sets of the state.



5.1 Stabilizing stages

Consider a sampling time ¢, in a stabilizing stage. Define the error e := z — Z. On [tg, tx+1), combining
(1), (9), and (10) yields the closed-loop system

@ = Az + BKi + Dd,

. (12)
z=(A+ BK)z,
with the boundary condition (11), and thus the error dynamics
: Ej,
é = Ae+ Dd, le(tr)| = |z(ty) — x| < N (13)
where the inequality follows from (7). Hence
le+1
et )| = | ™eltn) + | T At =T D () dr
k
A A
< e et + ([ 14Dl ds )l 0, (4
A
< NE’“ + (I)HdH[tkikﬂ]’
where A = ||e7s|| is defined in (2), and
o ;:/S le4* D|| ds. (15)
0
We define the update formulas by
Ty = Feg) == () = Scx, (16)
with S := e(A+BK)™s and
. A
Ek—f—l = G(Ek, mk) = NEk + gf)\/ Vk (17)
with
Vi, = V(a, By) := (2f) " Pxj, + pE}, (18)

where ¢, p > 0 are design parameters selected below. The functions F' and GG are designed such that, if the
disturbance ||d||;, ¢, ,) = 0, then |z (tk11) — 2% | < Ek11, so the state cannot escape at the next sampling
time t;41. The term ¢+/V} in (17) ensures that, if the state does escape at ¢ 1, then V}, can be bounded in

terms of HdH[tk,tiﬁ-l}'

We now select three design parameters v, p, ¢ > 0 sequentially so that V}, is a Lyapunov-type function
with exponential decay during stabilizing stages. Since A + BK is Hurwitz, there exist positive definite
symmetric matrices P, ) € R™=*"= guch that

STPS—P=-Q<0. (19)
Define 2” - H2
2n4||S' PS
= 2l P 1ST PS. (20)
Q) I |



Since A < N by Assumption 2, there exists a sufficiently small ¢) > 0 such that

A2
(1+ ¢)W <1. 1)

Then there exists a sufficiently large p > 0 such that

N —1)2 A?
w-1)° NQ) Xrrvg <t 22)

Finally, there exists a sufficiently small ¢ > 0 such that

AMQ) (N-1)*x AQ}
v:=max{l— ——, S+(1+9)=
{ 12)\(P) N2 N2 23)
ERPP)
—i—(l—i-w)(bp

satisfies v < 1.

5.2 Searching stages

Consider a sampling time ¢; in a searching stage. On [ty, tx11), combining (1) and (10) with v = 0 and
&(ty) = xj, yields the closed-loop system

& = Ax + Dd,
; . (24)
T = Az,
and thus the error dynamics
é = Ae+ Dd, e(ty) = x(tg) — .
Hence
- A B Aty —7)
eltir) = |e"Telte) + [ et Dd(r) dr
k
e 25
< e el + ([ el ds) Il 0,0 =
< Ale(te)] + @lldlley 1411
where A and ® are defined in (2) and (15), respectively.
We define the update formulas by
Thar = F(a}) = & (ti),) = 8} (26)
with § 1= eATs and
Eg1 = G((1+¢)Ey,0) := (1 + ) AE) + @9, (27)

where £, > 0 are the arbitrary design parameters introduced in Section 4.2. The functions F and G are
designed such that

j@(tes1) = 2l < Glz(t) = il Idllgy p,)-



Consequently, the factor 1 + ¢ in (27) ensures that the growth of £}, eventually outpaces that of | (tx) — x|,
thereby guaranteeing finite-time (re)capture of the state. The parameter ¢ serves as a constant disturbance
estimate used only during searching stages.?

At an escape time t; (i.e., the start of a searching stage), the update of £ is modified. Instead of
applying (27) with E; = G(Ej_1,x}_;), we define

Ej1 = G((1+¢)E;,0) (28)

with
. A
By := - Ej1+ 6.
This modification ensures that the state is recaptured at ;.11 whenever [|d||;;, _, ¢,

in the proof of Lemma 8 to bound the recapture time in terms of the disturbance.

] < 4, which is later used

6 Stability analysis

In this section, we establish Theorem 1. We first summarize several key intermediate results as technical
lemmas in Sections 6.1 and 6.2; their proofs are given in Appendix A. Section 6.3 then completes the proof
of Theorem 1.

Throughout the analysis, we assume that ||d|| (o o) is finite, since otherwise the ISS bounds (3) and (4)
hold trivially. We also assume that A > 1.3

6.1 Stabilizing stages

We first establish that, during a stabilizing stage, the function Vj, := V (x}, E}) defined in (18) is a Lyapunov-
type function with exponential decay.

Lemma 1. For any sampling time ty, in a stabilizing stage,

Vi1 < vV, (29)
where v € (0,1) is defined in (23).
Proof. See Appendix A.1. O

We now relate Vj, to |z(tx)|, |z (tg+1)], and E.

Lemma 2. There exist constants C,Co, Cs > 0 such that, for any sampling time ty, in a stabilizing stage,

VVi < Cr(lz(t)| + Ei), (30)
2(t1,)] < Cav/V, (31
% (trt1)] < Csv/Vie + @l 1y 0 1)- (32)

2In contrast, [14] uses an increasing sequence of constants to estimate the disturbance during both stabilizing and searching
stages, yielding only practical ISS. This distinction is one of the key ingredients for establishing ISS in the present paper.

3Note that A = ||eA™|| > 1, and equality holds only if all eigenvalues of A have nonpositive real parts. The case A = 1 can be
addressed by replacing A with max{||e*7*||, 1 + e} for an arbitrarily small 5 > 0.



Proof. See Appendix A.2. O

The next two lemmas provide an exponentially decaying state bound and a state bound with suitable K,
properties.

Lemma 3. There exist constants C, \ > 0 such that, for any two sampling times ty, > t; from the same
stabilizing stage,

|z (t)| < Ce 2D (lz(t)| + E) + @||d]|; (33)

te—1,tk]

Proof. See Appendix A.3. O

Lemma 4. There exist continuous functions x*, x* : Rsq X R>0 — R>q such that, a) for each fixed s > 0,
X* (-, s) and xX?(-, ) are nondecreasing, b) for each fixed E > 0, x*(E,-),xYE, ") € Koo, and c) for any
two sampling times t;, > t; from the same stabilizing stage,

()| < X7 (B o)) + X (B, dlg,)- (34)
Proof. See Appendix A.4. O

Finally, we bound the state and the quantization radius at escape times in terms of the disturbance over
the preceding sampling interval, independently of the initial state.

Lemma 5. There exists a constant I' > 0 such that, for any sampling time t; at which the state escapes,

|lz(t;)] < Tlld]l ¢ Ej oy <Tlldllt;_y t5)- (35)

j—1:t5]°

Proof. See Appendix A.5. O

6.2 Searching stages
We first establish that if the state is lost at ¢ = 0, then it is guaranteed to be captured in finite time.

Lemma 6. If the state is lost at to = O, then it is captured at some sampling time t;, satisfying

, 1lljo.¢,
io < max{nz(’z‘;‘), na(éto] (36)

with
Mlogy o s], s> 1,
S =
e(5) {0, 0<s<l,
log res)|, s>1,
"7d(8) _ [ 1+E( € )~|
0, 0<s<1,
where R
A-1 A
Te 1= E, A = (1 + €)A
Proof. See Appendix A.6. O



The next lemma provides bounds on the state before the first capture and on the quantization radius at
the first capture.

Lemma 7. There exist functions 4§, %j € K« such that, if the state is first captured at t;,, then for any
sampling time t3, < t;,,
A ~d
|z (te)| < 46 (Jzol) + A6 (lldllo,2,,)- (37)

Moreover, there exists a continuous function ' : R=o x R>g x R>g — Rxq such that, a) for each fixed
E,s>0, x5(E,s,-) and X5 (E, -, s) are nondecreasing, and b) at the first capture time t;,,

Eiy < %6 (Eo ol ldllo.,,))- (38)
Proof. See Appendix A.7. O

We now establish that if the state escapes, then it is guaranteed to be recaptured in finite time.

Lemma 8. If the state escapes at t; > 0, then it is recaptured at some sampling time t; > t; satisfying

dl,. .
i§j+max{nd<w>, 1}, (39)

Proof. See Appendix A.S. O

where 14 is defined in Lemma 6.

The final lemma provides bounds on the state before recapture and on the quantization radius at recapture.

Lemma 9. There exist 4°,4% € Koo such that, if the state escapes at t; and is recaptured at t;, then for any
sampling time ty, between t; and t;,

e (t)] < A7 (2t + ANl 00)- (40)

Moreover, there exists a continuous function X¥ : Rsg X R>o — Ry such that a) for each fixed E > 0,
F(E,-) is nondecreasing, and b) at the recapture time t;,

E < RP(Ej—1, Nl )- (41)

Proof. See Appendix A.9. O

6.3 Proof of Theorem 1

The proof proceeds by alternating between searching and stabilizing stages. During searching stages,
Lemmas 6 and 8 ensure finite-time (re)capture, while Lemmas 7 and 9 provide bounds on the state and
the quantization radius. During stabilizing stages, Lemmas 3 and 4 provide state bounds, while Lemma 5
bounds the state and the quantization radius at escape times in terms of the disturbance. Combining these
bounds yields the ISS bounds (3) and (4).

We index the alternating searching and stabilizing stages as follows. Let 0 < 49 < j; < i3 < --- be
such that the state is first captured at ¢;,, and for each [ > 1, it escapes at t;, and is recaptured at t;,. By
Lemma 6, we have ¢y < oco. If the state never escapes after some ¢;,, we set j;4; = o0o. By Lemma 8, if
71 < 00, then 4; < oo.

First, we establish the bound (3) at sampling times by constructing the functions 71,72 € K.

10



First searching stage [0,7;,): By Lemma 7, the bound (37) holds for all ¢, < ¢;,, including the case ip = 0
(i.e., when the state is visible at ¢ty = 0).

First stabilizing stage [¢;),t;,): At the first capture time ¢;,, Lemma 7 yields

J:(tio)| < 45 (Iz0l) + 46 (1l j0.1,.)-

and
Eiy < R0 (Bo, o], lldjo.4,,])-

From Lemma 4, for any ¢;, <t < t;,,
()] < X (Bigs [2(tio)]) + X (Eigs ldll 1, 01)
<X’ (;2(’;3(E0, |ol, 1]l [0,t:,) 46 ([zol) + %l(HdH[o,tio}))
+ X (%8 (Bo, 120, lll0.0))- e 1)

Using the above bounds, a standard comparison-function argument yields continuous functions X1, X2 :
R~ x R>¢p — R such that a) for each fixed s > 0, x1(-, s), x2(+, s) are nondecreasing, b) for each fixed
E>0,x1(E,),x2(E,") € K, and ¢) for any t;, < t;, < t;,,

X1(Eo, [wo]) + X2(Eo, [|d][j0,,))
> (%8 (Bo, o], 1d]0.,1): 36 (0]) + 38 Idlo.,1))
+ X4 (%8 (Bo, 120, lllo.1): o))

which implies
|(tk)| < X1 (Eo, [zo]) + X2 (Eo, l|dlljo,4,)-

If t;, = oo, then the proof of (3) at sampling times is complete. Otherwise, consider an arbitrary escape
time ¢;, < oo.

Searching stage [t;,,¢;): At the escape time ¢, Lemma 5 yields

2 Tl o Eier < Tlldl, 1o

From Lemma 9, for any ¢, < t;, < t;,,

()] < A" (2 (t)) + 3Nl 1,,1)
< 3l 1) + 304, 20
S r?(HdH[tjl_l,til]%

where 4(s) := 4%(I's) + 4%(s) € Keo.

11



Stabilizing stage [t;,, ¢, ,): At the recapture time #;,,

2(ti)| < Al 001

and Lemma 9 also yields

Eil < XE(E].Z*M Hd||[t]‘l_1,til])
< XE(FHdH[tjl_l,tjl]? ||d||[t]‘l_1,til])‘

From Lemma 4, for any ¢;, <t <t;.,,

2(t)] < X (Bas (b)) + X (B, Nl 100)
<X (RE Nl 51 15, 1) A5t
X (RE Nl 1l ) Il )

< AUl .e);

where 7(s) := x*(XF(I's, 5),5(s)) + x4 (XF(T's, ), 5) € Koo

Combining the above cases yields the bound (3) for all sampling times with the K, functions

m(s) == max{ig(s), X1(Eo, )},

42
1a(s) = max{38(s), Ta(Eo, ), A(s), 7(s)}. @

Next, we establish the bound (4) at sampling times by constructing the function v3 € K. If only finitely
many searching stages occur, then the system eventually remains in a stabilizing stage, and Lemma 3 implies

lim sup |z(tg)| < (I>hmsup|d( )]

k—o0

If infinitely many searching stages occur, then the bounds established in the derivation of (3) imply that,

between escape times t;, and t;,_,,

o) <40l ) VA Sk <
()| < YUllle, 1 60)) Vi <k < it

Therefore,
lim sup |2(t)] < 78 <lim sup |d(t)|)

k—o0 t—00
with the K function
Y3(s) := max{®s, Y(s), V(s)}. (43)

The extension of (3) and (4) from sampling times to all ¢ > 0 follows from standard arguments.
Specifically, for any ¢ > 0, let k& be such that ¢ € [tx, tx11). We first consider the case that the system is in a

12



stabilizing stage at ¢, and ¢z # 0. From (12) and (13),

()] < [2()] + [e(t)]

< AP |

t
e + ([ 14018 Yl

_ A
< Aleg| + NEk + (I)”dH[tk,t]’

where - R
A := max [|eATBE)s||, A= max |le??|
0<s<7s 0<s<Ts
By (7).
E,
lew] < |2 ()] + J2(th) — eal < lz()] + 37
and since (6) fails at g,
Ey
t —.
2(t)] >
Hence .
[2(t)| < Hlz(ty)| + @l|d]| 1,1, (44)
where . o
H:=2A + A.

If the system is in a stabilizing stage at {5 and ¢ = 0, or the system is in a searching stage at ¢, thenu =0
on [tg,tx+1), and

(0] < [ late)] + ([ 1Dl ds)
< Ale(te)| + @l
so (44) still holds.

Since the bound (3) holds for all sampling times with v1,v2 € Ko defined in (42), by (44), it holds for
all ¢ > 0 with the IC, functions

71(s) == Hmax{3§ (s), X1(Fo, 5)},
72(s) = H max{3{(s), X2(Eo, s), A(s), 7(s)} + Ps.

Since
lim sup |2(t)| < 7 <lim sup |d(t)|)

k—o0 t—o00

with v3 € K defined in (43), by (44),

limsup |2(t)| < limsup H |z ()| + D|\dl|g,,
k—o0

trt1]
t—o0

< limsup H|z(tg)| + ® lim sup |d(t)],
t—ro0

k—o0

which implies the bound (4) with the K, function
v3(s) := H max{®s, 4(s), 7(s)} + ®s.

13
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Figure 2: Evolution of (a) the error |e(t)| = |z(t) — Z(t)| and the quantization radius E}, and (b) the first components 1 (¢) and
21 (¢) of the system and auxiliary states. Black vertical lines indicate disturbance onsets. Shaded regions indicate searching stages.
The zoomed-in plots highlight the first escape and the subsequent recapture.

7 Simulation example

We illustrate the proposed communication and control strategy on the linear system (1) with

A:l(l) —(1).5]’BZ[O%J’D:F)]’K:{_“ 0}’

sampling period 75 = 0.1 s, and integer N = 5, which satisfy Assumptions 1 and 2. The design parameters
are selected as described in Sections 4 and 5:

Ey=05,e=0.2 6=0.1, ¢ =05, p=150, ¢ = 0.01.

-

The simulation starts from the initial state g = {1 1} , which lies outside the initial quantization
range. To induce escape and recapture events, disturbance pulses of magnitude 1.5 and duration 0.2 s are
applied att = 3s,9.5s, and 11.2 s; otherwise, d(t) = 0.

Figure 2(a) shows the evolution of the error |e(t)| = |x(t) — & (¢)| and the quantization radius Ej. During
stabilizing stages, |e(t;)| and E}, decrease rapidly at sampling times, whereas |e(t)| may increase between
sampling times due to error propagation. Disturbance pulses cause sharp increases in |e(t)|, leading to
escapes. During searching stages, Fj, eventually grows faster than |e(tx)|, ensuring finite-time (re)capture.
Since E}, is only updated at sampling times, it is plotted as a step function.

Figure 2(b) shows the evolution of the first components z1(t) and #;(t) of the system and auxiliary
states. During stabilizing stages, x1(¢) is driven toward zero under the control input u(t) = —3.5%; (%),
where 1 (t) decreases continuously between sampling times and jumps when new quantized measurements
are received. During searching stages, the control input is set to zero, and both z(¢) and #;(¢) increase,
although the latter is difficult to discern due to its small magnitude. These behaviors are consistent with the
ISS properties established in Theorem 1.
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8 Conclusion

This paper studied feedback stabilization of linear systems under data-rate constraints in the presence of
completely unknown disturbances. Using dynamic quantization and a new disturbance-estimation design,

the proposed approach establishes input-to-state stability (ISS) with respect to the disturbance.

Future work will focus on extensions to switched and nonlinear dynamics and applications to networked
control systems, where communication limitations and robustness requirements play a fundamental role.

A Proofs of technical lemmas

We first recall several basic facts from linear algebra used throughout the proofs. For any v, w € R", the

oo-norm satisfies
2 T T
_— 9 _— .
v]* <v'v, v w<n||w|

For any symmetric matrix M € R™*" and any v € R",
AM)v v <o Mo < XM)v' v,
which yields
AM) o2 <o Mo < nX(M)|v|?.
A.1 Proof of Lemma 1
We first consider the case ¢ # 0. From the update formula (16),
rp = Scp = S(xp, + Ayp), Ay = ¢ — T,

where N1
Ayl <

Ej;
by (8). Then
(5UZ+1)TP5UZ+1
= (2} + A) " STPS(z} + Ap)
= ()T ST PSxz} +2(z3) " STPSA, + AL STPSA,.
Using the Lyapunov equation (19) and bounds (46) and (47), we obtain
(a3) " ST PSy = (2}) (P = Q)

= (o) Prf — () Q. — 50 Qu
< (1 - ;jﬁ%) ()P — 5 A@e

Moreover, by (45),
2(x;) ST PSAY < 2n,|at[||STPS|| Al
ALSTPSAL < ng||STPS|| Ak

15
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Combining the bounds and completing the square yields

($k+1)Tka+1
< (1 — 2)\(P)> (l'k)TPQTk - iﬁ(Q”ka

+ 20, |2} |[ST PS[| Ak| + nal|ST PS|| A

< (1 S >($Z)TPxZ + x| A

2AP)
1 o V2ng|STPS| ?
— ( §A(Q)|$k| - \/WMk)
A N —1)2
< (1- 33 e Poir St

where  is defined in (20).

Next, from the update formula (17) and Young’s inequality,

A 2
Ep, = (NEk + ¢\/Vk>

A2
< (1+ w)WE}ﬁ + <1 + ;)&Vk

where 1) > 0 is chosen according to (21).
Finally, combining both bounds in Vj 41 = (z} H)TP:UZ 11+ pEZ, yields
Vier1 < vV,

where p > 0 is chosen according to (22), and v € (0, 1) is defined in (23).

If ¢, = 0, then mzﬂ =S¢, =0, and

A? 1
Vi = pI., < ((1 ro)g (14 w>¢2p> Vi

so (29) still holds.

A.2  Proof of Lemma 2
We first prove (30). Since Vj, = (z}) " Pz} + pE?2, the upper bound in (47) yields

Vi < /1w A(P)|2k| + V/PEk,
where we used va + b < y/a + v/b. Moreover, by (5),

] < Ja(te)| + |2(te) — 23] < [x(te)] + Ej.

Ch = \/nxX(P) + \/ﬁ

16

Hence (30) holds with



Next, we establish (31). From (5),
(k)| < |g| + @) — 2i| < [oz] + Ej.

Using the lower bound in (47), we obtain

* Vi Vi
Tr| < (| —=0, Ep, <4 —
2kl < \/ A(P) g \/ P

1 n 1

A(P) VP

Finally, we prove (32). From the error estimate (14) and update formula (16),
(k)] < [2(t )]+ ety

A
< [[Slllex] + 7 Er + @lldl;

which yields (31) with

ti,tht1]”

We first consider the case ¢ # 0. By (8) and the lower bound in (47),
. o N-—-1
x| < Jop| + lex — ap] < |og] + TEk-

Hence

(N =DIS]+A
N

| (trrn) | < (IS]lk] + By + |z t4.1)-

Bounding |z} | and E}, in terms of V}, yields (32) with
S N -=1D|S||+A

= a0 N7

If ¢, = 0, then (¢, , ) = Sci, = 0, and

o(tisn)] = le(tey)| < 5 B+ i,

so (32) still holds.

A.3 Proof of Lemma 3

By iterating Lemma 1, we obtain
Vk—l < Vkililv7

where v € (0,1). Applying (30) at ¢; and (32) at t_1 yields
|z(tr)] < C34/ Vi1 + (I)”dH[tk—htk}
< Cor* DRV 4 @l )
< CiC R (ja(ty) | + Br) + @[y, 1)

Hence (33) holds with
1
C .= 0103V_1/2, A= ) Inv > 0.

17



A4  Proof of Lemma 4
We consider two cases depending on whether the initial state dominates the disturbance.
Case 1: |z(t;)| > ®|d||,4,)- Let
H:=2||S[|+A>1.
Then log, H < O since v € (0, 1). Fix any x € (0, —1/log, H), and define

ly == max{[rlog, |x(t;)]], 0}.

Then v'= < |z(t;)|” for all |x(;)| > 0. We distinguish between the “long-time” regime k > [ + I, and the
“short-time” regime k < [ + l,.

If k > 1+ 1,, iterating Lemma 1 yields
Vi < VPV <RV < Ja ()W
Applying (30) at ¢; and (31) at ¢z, we obtain

2(ty)] < C2v/ Vi
< Cala(ty) "2V
< C1Cy)a(t) "2 (|2(t)| + Er) =: x5 (B, (1)),

where x7 (-, s) is nondecreasing for each fixed s > 0 and x{(E, -) € K for each fixed E > 0.
Ifl <k <1+1,, we first consider the case c; # 0. From the error estimate (14) and update formula
(16),
|2 (th+1)| <12, 0)] + ety )]
A
< [1SNllexl + 5 B + @lldllpy tpa1-
By (7).

Ey

k| < |o(te)| + |x(tn) — ci| < Ja(ty)] + N

and since (6) fails at g,
By
t —.
2t > 2

Hence

2 (tr)] < Hla(t)] + @[], “5

tret1]”

If ¢, =0, then u = 0 on [tk, tk+1), and

o) < e lae)] + ([ 164Dl ds) g
< Afa(t)] + @] dll,

tk“rl] )

18



so (48) still holds. Since (48) holds for all sampling times between ¢; and ¢y, iterating it yields

el Hk l
(i) < )| + T @l 0,
kalJrl -1
<z -
< —g 7l
H= —1
< S la )] = X (e ().

If |z(t;)| = s < 1, thenl,; < klog, s+ 1, and

rlog, s+1
H" o8 H klog, H+1

Xa(s) < H_1 " H_1

where x5 € K since klog, H +1 > 0. If |z(t;)| = s > 1, then I = 0, and x3(s) = 0 < x5(s).

=1 X3(s)-

Finally,

|z (tr)| < max{x{(Ey, [z(t:)]), x3(=(t)])}
= X" (Ey, |z(t)]),

which satisfies the stated monotonicity and K, properties.

Case 2: |z(t;)| < @||d||j1,¢,- The proof follows the same steps as in Case 1 and is omitted for brevity. It
yields analogous functions y¢ and Xg such that

[ (t)| < max{x{(E 1dlli,0,0) X5 Nlle01)}
= Xd(El7 HdH[tl,tk])v

which satisfies the stated monotonicity and K, properties.

Combining the two cases yields (34).

A.5 Proof of Lemma 5

Since (5) holds at ¢;_1 but fails at Z;,
le(t;)] = |(t;) — x5| > Ej.

Applying the error estimate (14) and update formula (17) at ¢;_1, we obtain

A v
] 17 NE]'*]- + ¢ ‘/]'*1)
P/ Vicr < @|ld|lg;_y t)-

\/ |dH[tJ 1,65]"
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that is,

Therefore,




Next, applying (32) at ¢;_1 yields

lz(t;)] < C'3\/ﬂ+ (I)”dH[tjfhtj]
C
< (; + 1>¢>|ld|![tj_17tj]-

Combining the two bounds, we obtain (35) with

1 Cs
I'=max{ ——, — +1,d >0,
{¢ﬁ ) }

where C3 > 0 is from Lemma 2.

A.6 Proof of Lemma 6

Let t; > 0 be a sampling time such that the state has not yet been captured by ¢;. Then the system remains
in a searching stage on [0, tx), and iterating the error estimate (25) and update formulas (26) and (27) from
0 to tj with () = 0 yields

AR —1
A—1

. AP —1
E, = AkEo + — D).
A-1

le(ty;)] < AF|aol + ®||dll0.4,],

Let 7( be the smallest positive integer such that

. o] ldll10,¢,41
1) = max nx(E()),nd — |

Such an integer exists if ||d||o,o0) is finite. We show that the state is captured no later than #;.

First, since ¢, > 1z (|zo|/Eo),
AiSEO = Aig(l + E)iSE()
> A% (1 4 ¢)=(20l/Bo) By > A% ).

Second, if 6 < ||d[[[o,;,.], then
0

" d| [O’t%] 7“8||dH[0,ti8}
iy = Nd 5 > logy . — % |

and

A —1(1+¢)% A% —1




Otherwise, 6 > ||d[|[0,.], and since A > A,
‘0

-2
'
=

-
6> d
——ld

1 T A [0,¢x]"

Combining these bounds yields
Ejs > le(tiz)]-

Hence the state is captured at some sampling time t;, < t;=. If ip < 4g, then (36) follows immediately. If

i = 1, then
. |:Eo‘) HdH[O,ti 1]
1 %ol 0L -]
10 < max{nx< EQ , Nd 5 R

and since both sides are integers, (36) still holds.

A.7 Proof of Lemma 7

Consider any t;, < t;,. Since the state is first captured at ¢;,, the system remains in a searching stage on
[0, ).

First, iterating the error estimate (25) and update formula (26) from 0 to ¢, with z{; = 0 yields

% AF -1
2 (tr)l < A%zo| + ———Plldlljo1]
; Ao —1
< A%zo| + ——"Pldlljo,zi,)-

Substituting the bound on iy from (36) into the right-hand side, we obtain a bound on |x(¢x)| that is
nondecreasing in |zo| and [|d|| ¢, ] and vanishes when |zo| = [|d[|jo 4, ] = 0. Therefore, it can be dominated

by Koo functions A& (|zo|) +48(]|d|| [0,t;,]) using a standard comparison-function construction, which proves
(7).

Second, iterating the update formula (27) from O to ¢;, yields
. Ao —1
E;, = AN"Ey+ — D6.
K TR

Substituting again the bound on ¢g from (36) into the right-hand side, we obtain a bound on E;, that, for each
fixed Ep > 0, is nondecreasing in |zo| and [|d||(o,, ]. Therefore, by another standard comparison-function

construction, there exists a continuous function X(;E : Ry X R>0 X R>p — Ry with the stated monotonicity
property such that (38) holds.

A.8 Proof of Lemma 8

If the state is recaptured at ¢4 1, then ¢ = j + 1 and (39) holds. In the remainder of the proof, we assume
that the state is not recaptured at ¢ 1.
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The system remains in a searching stage on [tj,¢;). Applying the same argument as in the proof of
Lemma 6, with the adjustment at ¢; according to (28), we obtain

o le(t)] ldll; .
<j+ 2| —= , —= |, 1, 49
1< max{n < £ d 5 (49)

where 7, 174 are defined in Lemma 6 and satisfy 7, (s) < ng(s) forall s > 0.

Next, applying the searching-stage error estimate (25) at ¢; and the stabilizing-stage error estimate (14)
att;_1 yields

le(tj+1)| < Ale(t;)] + @lldll,,
2

tit1]

(tj-0)| + (A + 1)@[|d][

j—1tj+1]

< W!e

Moreover, from the adjusted update formula (28),
< AA .

where A = (14 ¢)A.
Since the state escapes at ¢; and is not recaptured at ¢ 1,
le(tj-)I < Ej—1,  le(tja)l > Ejpa,
and the above bound on |e(t;41)| and formula of F;,; imply

& < ldll

j—1itj1]”
Consequently,
‘€(tj)’ < %’e(tj—l)‘ + (I)||dH[tj_1,tj+1] HdH[tj—l’tH-l]
E; ~ SEj 1+ ®6 5 ’
and thus

’e(t])‘ Hd”[tjflvthrl] ||d||[tj,1,t]‘+1}
A < x S *

Substituting this bound into (49) yields (39).

A.9 Proof of Lemma 9

Since the state escapes at ¢; and is recaptured at t;, the system remains in a searching stage on [t;, ;).
Consider any sampling time ¢;, € [t;, ;).

First, since u = 0 on [t;, t;), the state satisfies

& = Ax + Dd,
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and thus

| (tryn)| < Alz(te)] + @|ldl;

totet1]®
Iterating this bound from ¢; to ¢, yields
» AR 1
()| < A a(ty)] + =@l
o AT -1
< AT (ty)] + ﬁq)”d”[tj,ti}-

Substituting the bound on ¢ from (39) into the right-hand side, we obtain a bound on |z(t)| that is
nondecreasing in |z (¢;)| and ||d||;,_, 1, and vanishes when |z (¢;)| = ||d||(;,_, +,) = 0. Therefore, it can be
dominated by Ko functions 4 (|z(¢;)[)+454(||d|| [t,_1,t;)) using a standard comparison-function construction,
which proves (40).

Second, iterating the update formula (27) from ¢; to ¢;, with the adjustment at ¢; according to (28), yields

Y A |
FE; = Ali]Ej + — (oY)
A-1
A—IA Ai—j-i—l 1
= — ]_1 = (5
N A—1

Substituting again the bound on ¢ from (39) into the right-hand side, we obtain a bound on E; that, for
each fixed Ej_; > 0, is nondecreasing in ||d||(;,_, 1, Therefore, by another standard comparison-function

construction, there exists a continuous function ¥¥ : Ry x R>o — Ry with the stated monotonicity
property such that (41) holds.
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