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Topological entropy of nonlinear time-varying systems

Guosong Yang* and Daniel Liberzon'

Abstract

We study the topological entropy of nonlinear time-varying systems. We establish conditions under
which entropy is independent of the initial time and derive two general upper bounds based on the matrix
measure of the system Jacobian and the spectral abscissa of a Metzler comparison matrix, respectively.
A general lower bound is also obtained using the trace of the Jacobian. For interconnected systems, we
first derive an upper bound using the matrix measure of an interconnection matrix constructed from the
Jacobian blocks. We then establish a new upper bound based on the spectral abscissa of a Metzler com-
parison matrix, incorporating the interconnection structure through subsystem-wise trajectory-separation
analysis. This bound also recovers the two general upper bounds as special cases. All bounds depend on
asymptotic properties of the Jacobian over reachable sets or their convex hulls. Simple examples show
that either general upper bound may be tighter, while a time-varying Lorenz system illustrates the effects
of norm selection and subsystem decomposition.

1 Introduction

In systems theory, topological entropy characterizes the rate at which information is generated in deterministic
systems, captured by the increase in distinguishable behaviors at finite resolution, or by the complexity growth
of a system acting on a set with finite measure. Adler et al. [1] introduced the concept of topological entropy
as an extension of Kolmogorov’s metric entropy [2], quantifying the exponential growth rate of the minimal
number of sets in iterated open-cover refinements. An alternative definition, formulated in terms of the
maximal number of separated trajectories over finite time horizons, was proposed by Dinaburg [3] and
independently by Bowen [4]. The equivalence between these two formulations was established in [5]. The
variational principle, which identifies topological entropy as the supremum of metric entropy over invariant
measures, was established through the combined works of Dinaburg [3, 6], Goodman [7], and Goodwyn [8].
For a comprehensive introduction to topological entropy, see, e.g., [9, 10] and the references therein.

Most existing results on topological entropy focus on time-invariant systems, while extending these
results to time-varying dynamics requires accounting for the time dependence of trajectories and reachable
sets. Kolyada and Snoha [11] defined topological entropy for discrete-time systems modeled by a sequence
of selfmaps on a compact topological space, and established basic properties which strengthen under
assumptions such as equicontinuity or uniform convergence. Their definition and results were extended
to time-varying maps defined on a sequence of compact metric spaces in [12]. A variational principle based
on this extended definition of topological entropy and a time-varying notion of metric entropy was established
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n [13]. In the continuous-time setting, an upper bound on the topological entropy of a time-varying system
on a compact invariant set was derived via the direct Lyapunov method in [14].

Topological entropy notions play a fundamental role in control theory, where feedback depends on the
flow of information between sensors and actuators. Nair et al. [15] introduced topological feedback entropy
for discrete-time systems, building on the cover-refinement framework of [1]. Their definition extends
classical topological entropy to quantify the exponential growth rate of control complexity required to ensure
set invariance and stabilization. For continuous-time systems, Colonius and Kawan [16] proposed invariance
entropy, which is more closely aligned with the trajectory-counting formulation of [3,4]. The equivalence
between topological feedback entropy and invariance entropy was established in [17]. Suitable entropy
notions have also been developed for exponential stabilization [18], state estimation [19-21], and model
detection [21].

Entropy-based notions are closely linked to data-rate requirements for control. For continuous-time linear
time-invariant systems, the minimal data rate for feedback stabilization is given by the sum of the positive real
parts of the eigenvalues of the system matrix, counted with algebraic multiplicity [22]; in the discrete-time
case, it is the sum of their logarithms [22-24]. This quantity coincides with the topological entropy of the
open-loop system [4]. While this connection has also been extensively studied for nonlinear time-invariant
systems (e.g., [15,16,18,25]), its counterpart for time-varying dynamics remains largely unexplored, except
in certain cases such as switched systems, discussed below.

In systems and control, a common paradigm is to decompose a complex system into an interconnection
of simpler subsystems and derive system-level properties from those of the subsystems. A classical example
is the small-gain theorem, used to establish stability of interconnected linear and nonlinear systems (e.g.,
[26,27]). Entropy-based approaches have also been applied in this context, particularly for discrete-time
systems. The invariance entropy of a network of control systems was related to the entropy of its subsystems
and associated data rates in [28]. Observability rates for networked systems were linked to topological entropy
and auxiliary constructs such as storage functions and supply rates derived from subsystem linearization
in [29]. Invariance feedback entropy for a network of uncertain systems was investigated in [30]. In the
continuous-time setting, an upper bound on the topological entropy of interconnected systems was derived
in [31], which can be viewed as a prototype for some of the results in the present paper. However, much
remains to be understood about when and how explicit bounds on the topological entropy of an interconnected
nonlinear time-varying system can be deduced from those of its subsystems.

Topological entropy and data-rate requirements for control have been studied for switched systems, an
important class of time-varying systems. Sufficient data rates for feedback stabilization of switched linear
systems were established in [32,33]. Similar data-rate conditions were derived in [34] by extending a
notion of estimation entropy from [21]. Formulae and bounds on the topological entropy of continuous-time
switched linear systems were derived in [35-37], with their relationship to stability conditions analyzed
in [37,38]. In an extension to switched nonlinear and interconnected systems [39], entropy bounds were
constructed using the matrix measure or the trace of the system Jacobian. These quantities also appear
in the bounds developed in the present paper. For discrete-time switched linear systems, the topological
entropy under worst-case switching sequences was studied using the joint spectral radius in [40], and the
connection between estimation entropy, Lyapunov exponents, and average data rate was examined under

suitable regularity conditions in [41].

The main objective of this paper is to establish upper and lower bounds on the topological entropy of
general and interconnected nonlinear time-varying systems.



We introduce the definition of topological entropy in Section 2 and examine its dependence on the initial
time and the set of initial states. We show that changing the initial time does not affect the entropy if the
system is reinitialized from the corresponding reachable set, but it may differ if initialized from the original
initial set.

In Section 3, we establish two general upper bounds on the entropy of nonlinear time-varying systems.
One upper bound is constructed using the matrix measure of the system Jacobian, while the other is based
on the spectral abscissa of a Metzler comparison matrix. A general lower bound is also established using the
trace of the Jacobian. We describe the use of possibly time-varying enclosures of reachable sets to obtain
more tractable bounds, potentially at the expense of tightness. Simple examples illustrate that, for a fixed
induced norm, either upper bound may be tighter.

In Section 4, we consider interconnected nonlinear time-varying systems. We first adapt the general
upper bound based on matrix measure from Section 3, using an interconnection matrix constructed from the
Jacobian blocks. We then develop a new upper bound based on the spectral abscissa of a Metzler comparison
matrix associated with the interconnection. This bound incorporates the interconnection structure through
subsystem-wise trajectory-separation analysis. It recovers both upper bounds from Section 3 by viewing
the general system as an interconnection composed of either a single subsystem or scalar subsystems. All
entropy bounds depend on asymptotic properties of the Jacobian over reachable sets or their convex hulls.

In Section 5, we provide alternative upper bounds on entropy for both general and interconnected systems.
Section 6 illustrates the effects of norm selection and subsystem decomposition on the entropy bounds using
a time-varying Lorenz system. The proofs of the main results are presented in Section 7, with some technical
arguments deferred to the appendices. Section 8 concludes the paper with a brief summary and remarks on
future research directions.

Notations: For vectors v; € R™ ... v, € R™, let (vy,...,vy) € R™MTT"m denote their con-
catenation. For a square matrix M € R"™*", let tr(M) and «(M) denote its trace and spectral abscissa
(the largest real part of its eigenvalues), respectively. Let |E'| denote the cardinality of a finite set £. For
aset S C R", let co(S) and vol(.S) denote its convex hull and volume (Lebesgue measure), respectively.
By default, all logarithms are natural logarithms (to avoid an extra multiplicative factor In2 in entropy
computations).

2 Preliminaries
Consider the continuous-time nonlinear time-varying dynamical system
:U:f(t7$)) t2t07 (l)

where © € R" is the state and ¢y € R is the initial time. Assume that the system function f(¢,x) is
continuously differentiable in z, that f (¢, ) and the system Jacobian J,, f (¢, z) are both piecewise continuous
in ¢, and that (1) is forward complete. Let £(¢,tp,x) denote the solution of (1) at time ¢ with initial state
x at time t9. Under these assumptions, {(t,t, x) is unique, continuously differentiable in x, absolutely
continuous in ¢, and satisfies (1) away from discontinuities of f (¢, x) in t. Moreover, the solution Jacobian

"Here, piecewise continuity in ¢ is understood locally uniformly in x, with a locally finite set of discontinuity times independent
of x, and finite one-sided limits at each discontinuity.



J,&(t, to, x) is absolutely continuous and piecewise continuously differentiable in ¢. For brevity, we use the
notation

Jf(tv) = 3,0 (L) L Lo, 0) = Lt to,o)|

for the system and solution Jacobians evaluated at © = v, respectively.

2.1 Entropy definition

We define the topological entropy of the nonlinear time-varying system (1) with initial states in a compact set
K C R”™ with nonempty interior, called the initial set. Let | - | be anorm on R"™, and || - || the corresponding
induced norm on R™*™. Given a time horizon 7' > 0 and a radius € > 0, define the following open ball in
RR" centered at x:

Bfﬂfo(x’ EaT)
=<zeR": ma t,to, ) — &(t, to, )| <€ 7. 2
{ e . 2) - (o, 0) } @
A subset E' C K is said to be (7', €)-spanning (for the initial set K at initial time t) if
K C U By (x,e,T), 3)
zel

that is, for every z € K, there exists x € E such that
|E(t, to, ) — &L, to, )| < € YVt € [to,to+ T1.

A (T, €)-spanning set of minimum cardinality is called minimal. Its cardinality, denoted by S(f, to,e, T, K) >
1, is nondecreasing in 7" and nonincreasing in €. The topological entropy of (1) with initial set K at initial
time ¢( is defined in terms of the exponential growth rate of S(f,to,e,T, K):

1

h(f,to, K) := lim limsup — log S(f, to, e, T, K). (€))]
N0 THoo T

For brevity, we occasionally refer to h( f, to, K) simply as the (topological) entropy of (1). By the equivalence

of norms on finite-dimensional vector spaces, the value of h(f,to, K) is independent of the choice of norm

| - | on R™. In particular, it is invariant under a change of basis.

An equivalent definition of entropy can be formulated using separated sets; see [39] for its application to
switched nonlinear systems.

When (1) is time-invariant, we adopt the convention ¢y = 0 and consider the nonlinear time-invariant
system
&= f(x), t>0, ®)

where f : R™ — R’ is a continuously differentiable function. For time-invariant systems, we omit o from
the entropy-related notation introduced above.

Remark 1. For time-invariant systems with initial sets contained in compact forward-invariant sets, the upper
limit in (4) can be replaced by the lower limit [9, pp. 109-110]. For time-varying systems, the subadditivity
underlying this equivalence (see the proof of [9, Lemma 3.1.5, p. 109]) may fail, so the same argument does
not directly apply.



2.2 Initial set and initial time

We examine how the topological entropy h(f, to, K) of the nonlinear time-varying system (1) depends on
the initial set K and initial time ¢g.

Let £(t,t0, K) := {&(t,t0,z) : © € K} denote the reachable set at time t starting from K at time ¢o. In
particular, {(to, to, K') = K. The following lemma shows that advancing the initial time from ¢, to ¢1, while
replacing K with the reachable set at ¢1, does not change the entropy. The proof is given in Appendix A.1.

Lemma 1. The topological entropy of (1) satisfies

h(f to, K) = h(f,t1,§(t1,t0, K)) Vi, > to. (6)

Related results for discrete-time systems with equicontinuous functions and for continuous-time systems
on compact invariant sets were established in [13, Prop. 2.1] and [14, Lemma 2.8], respectively, building on
the time-varying entropy framework of [11, 12].

However, the entropy of (1) may depend on the initial set and, even for a fixed initial set, on the initial
time, as illustrated by the following example.

Example 1. Consider the continuously differentiable function g : R — R defined by

0, < -1,
9(z) = 4V3 -3 —(z+1)2, —1<z<1/2
V/3z, x> 1/2.

1. (Different initial sets). Consider the nonlinear time-invariant system (5) with f(z) = g(x). For initial
sets K1 C (—o0,—1) and Ky C (1, 00), we have h(g, K1) = 0 and h(g, K2) = /3.
2. (Same initial set at different initial times). Consider the nonlinear time-varying system (1) with

gz +4), t<0,
f@wy_{mwv t>0,

and fix the initial set K := [—3, —2]. For an initial time ¢, > 0, we have h(f,to, K) = h(g, K) = 0. For
an initial time ¢; < —1 and € K, the solution satisfies £(t, 1, z) = V3= (z +4) — 4 for t € [t1,0).
Thus, the reachable set at time 0 is £(0,¢1, K) = [e*\/gtl — 4, 2e~ V3t _ 4] C (1,00). By (6), we have
h(f,t1, K) = h(f,0,£(0,t1, K)) = h(g,£(0,t1, K)) = V/3.

Consider the special case of (1) given by the linear time-varying (LTV) system
T = A(t)x, t > to, @)

where A : R — R™ " is a piecewise-continuous matrix-valued function. The following lemma extends
[37, Prop. 2] from switched linear systems to general LTV systems.

Lemma 2. The topological entropy of the LTV system (7) is independent of the choices of initial set and
initial time.

Proof. Independence from the initial set follows by an argument analogous to the proof of [37, Prop. 2], which
relies only on linearity of the solution map and therefore applies to general LTV systems. Independence
from the initial time then follows from Lemma 1. O



In light of Lemma 2, we let h(A) denote the entropy of the LTV system (7).

3 Entropy of nonlinear time-varying systems
In this section, we present upper and lower bounds on the topological entropy of the nonlinear time-varying
system (1).

We first recall the notion of matrix measure, which will be used to derive upper bounds on entropy.
Given an induced norm || - || on R™*"™, the matrix measure (or logarithmic norm) of A € R™*" is defined by

. M +tA] -1
=lim——.
t\0 t
As shown in [42, Th. 2.2.16, p. 22], the matrix measure satisfies

p(A) :

a(d) < u(A) < A VAR (8)
Moreover,
WA+ B) < p(A) + u(B),  pl(cA) = cu(A)

for all A,B € R™ "™ and ¢ > 0. In particular, p(-) is convex. For standard induced norms, explicit
expressions for the matrix measure are available. For example, the matrix measures of A = [a;;] € R™*"
associated with the induced co- and 2-norms are

A+ AT
Moo(A)—lfgflg;(az‘z‘JrZaij\), Mz(A)—a< 5 )

J#

respectively. See [42, Sec. 2.2.2] and [43, Fact 11.15.7, p. 690] for further properties of the matrix measure.

The following theorem establishes upper and lower bounds on the entropy of (1). The proof, which
partly relies on results for interconnected systems developed in the next section, is given in Section 7.4.

Theorem 1. The topological entropy of the nonlinear time-varying system (1) is upper bounded by

where
(i := lim su max J . f(t,v)), 10
fi HOopUeco(g(t’to’m)u( [t 0)) (10)
and lower bounded by
h(fat()uK) > max{f(, 0}7 (11)
where
X :=liminf min tr(J, f(¢,v)). (12)

t—oo vel(t,to,K)

The upper bound in (9) holds for any induced norm used to compute the matrix measure in (10), and
may thus be improved by a suitable choice of norm.

The upper bound in (9) depends on the asymptotic behavior of the matrix measure of the Jacobian
J,.f(t, z) over the convex hull of the reachable set £(¢,to, ). Similarly, the lower bound in (11) depends
on the asymptotic behavior of the trace of the Jacobian over the reachable set. These formulations allow the
bounds to be evaluated using suitable enclosures of the reachable sets, as discussed in the following remark.



Remark 2. The entropy bounds in Theorem 1 can be evaluated using more tractable enclosures of the
reachable sets, potentially at the expense of tightness. For example, consider a set .S satisfying any of the
following conditions:

e S=1R"Y
* co(&(t,to, K)) C S for all sufficiently large ¢; or
* S is convex, forward invariant, and satisfies co({(t1, tg, K)) C S for some t; > ¢ (e.g., co(K) C S).

Then the entropy bounds can be simplified by bounding the relevant quantities over .S. For instance, if a
constant /i° satisfies /1 > p(J,f(t,v)) for all v € S and sufficiently large ¢, then the upper bound in (9)
remains valid with /1° replacing /i. More generally, one may consider a forward-invariant family of convex
sets Sy satisfying co(&(t1,t0, K)) C Sy, for some ¢; > t¢, and bound the relevant quantities over S;. The
use of such time-varying enclosures is illustrated in Example 4 in Section 6. Analogous substitutions apply
to other entropy bounds presented in this paper.

Remark 3. The upper bound in Theorem 1 implies that the topological entropy of (1) is zero whenever
< 0. This includes systems that are contracting with respect to the same norm, for which trajectories
converge toward one another exponentially [44,45]. More generally, asymptotic stability can also imply zero
topological entropy for initial sets contained in the basin of attraction. Conversely, zero topological entropy
does not imply that the upper bounds derived in this paper vanish or that the system is stable. For the linear
time-invariant (LTI) system

T = Az, (13)

the topological entropy is known to equal the sum of the positive real parts of the eigenvalues of A, counted
with algebraic multiplicity (see, e.g., [37, Lemma 3]). For

11
=)

since A2 = 0 and e* = I + tA, the LTI system (13) has zero entropy but is not stable. See [37, Sec. 7] and
[38] for further discussions on entropy and stability of switched linear systems.

As a preview of the results for interconnected systems, we derive an alternative upper bound on the
entropy of (1) by viewing it as n interconnected scalar subsystems. Unlike (9), this bound involves neither a
matrix measure nor an induced norm. The proof is given in Section 7.4. For eachi € {1,...,n}, let x; and
fi(t, z) denote the i-th components of the state = and the vector field f(¢,x) in (1), respectively.

Proposition 1. Ler A = [a;;] € R™™ be any matrix satisfying

a;; > i a,. fi(t,v),
2 P B O ) 0
a,: > limsu ma; o, fit,v
ij 2 HOOPUECO@(L;;K))I 15 Ji(t )]
for all diagonal and off-diagonal entries, respectively. Then the topological entropy of the nonlinear

time-varying system (1) is upper bounded in terms of the spectral abscissa of A:

h(f,to, K) < nmax{a(fl), 0}. (15)

Note that any matrix satisfying (14) is Metzler (i.e., has nonnegative off-diagonal entries).



The two upper bounds in (9) and (15) are obtained by applying different operations to the Jacobian
J.f(t,x). The former evaluates a matrix measure before taking the asymptotic maximum, whereas the latter
first constructs a constant Metzler comparison matrix from asymptotic entrywise bounds and then computes
its spectral abscissa. For a fixed choice of induced norm, either bound may be tighter, even for linear systems,
as illustrated by the following examples using the induced co-norm. The effect of norm selection is further
illustrated using a time-varying Lorenz system in Example 4 in Section 6.

Example 2. Consider the LTV system (7) with

sin(t) cos(t)

Alt) = lsin(t) COS(t)] '
For the induced co-norm,
too(A(t)) = max{sin(t) + |cos(t)|, |sin(t)| + cos(t)},

and hence lim sup,_, . fioo (A(t)) = v/2. Thus, (9) yields h(A) < 2v/2. On the other hand, the smallest
Metzler matrix satisfying (14) is
A 11

for which a((A) = 2. Thus, (15) yields h(A) < 4. Therefore, the upper bound in (9) is tighter for this
example.

Example 3. Consider the LTI system (13) with the Metzler matrix
0 2
A= L 0] |
For the induced co-norm, fiso(A) = 2, while a(A) = /2. Therefore, (9) yields h(A) < 4, whereas (15)

with A = 4 yields the tighter bound h(A) < 2+/2 for this example. For comparison, the exact entropy is

h(A) = V3.

Although the upper bound in (9) may be tightened by optimizing over induced norms, such optimization
can be challenging for nonlinear time-varying systems. The bound in (15) provides an alternative based on
asymptotic entrywise bounds on the Jacobian. Additional upper bounds on the entropy of (1) are given in
Section 5.

4 Entropy of interconnected systems

In this section, we consider the case where the nonlinear time-varying system (1) is composed of m
interconnected subsystems. For each i € {1,...,m}, let z; € R™ denote the state of the i-th subsystem,
and f;(t,z) € R™ the corresponding components of f(¢,x). Thenny + - - - + n,, = n, and (1) is given by
the interconnected nonlinear time-varying system

:'Ui:fi(t,:l,‘l,...,xm), t > to, iG{l,...,m}. (16)

The overall state and vector field are then given by x = (z1, ..., 2, ) and f(t,2) = (fi1(t, z), ..., fm(t,2)),
respectively. For brevity, we use the notation

ijfi(t7 U) = szfi(ta x)‘x

=v

8



for the Jacobian block of f;(t, ) with respect to x; evaluated at z = v.

In general, the topological entropy of (16) cannot be determined solely from the entropies of its uncoupled
subsystems. For example, the LTI system in Remark 3 has zero entropy, while its uncoupled scalar subsystems
have entropies 1 and 0. Conversely, the LTI system in Example 3 has entropy h(A) = /2, while both
uncoupled scalar subsystems have zero entropy.

We first derive an upper bound on the topological entropy of the interconnected system (16) by adapting
the upper bound in Theorem 1, using matrix measures and induced norms of the Jacobian blocks.

Following [45], suppose the following norms are given:

1. foreachi € {1,...,m}, a“local” norm | - |; on R, and
2. a“network” norm | - |y on R™ that is monotone: for all nonnegative vectors v, w € R,

v>w = |v|ny > |wN. an
In particular, all p-norms with p > 1 are monotone.’
For a vector v = (v1,...,vy) € R™ with v; € R™, the “global” norm | - | is defined by
wla = 1011, - [ o) I (18)

As | - [N is monotone, one can verify that | - | satisfies the triangle inequality and is indeed a norm. Let
I lls> || - Iz and || - || ¢ denote the corresponding induced norms on R™*™i R™*™ and R™*", respectively,
and p;(-), un(+), and pg(-) the corresponding matrix measures. The corresponding induced norms || - ||;;
on R™*" are defined by

[A]l55 = max |Avl;, i€ {1,...,m}.

U|j:1
We define the interconnection matrix of (16) as the matrix-valued function An(t,z) = [a;;(t,z)] €
mXm 1
R with
aii(t, @) == pi(Jy, fi(t, @), aij(t @) == || Iy, fi(t, @) li; (19)

for diagonal and off-diagonal entries, respectively. The function An(¢,x) is referred to as a structure
Jacobian in [45], where it is used to establish contraction conditions.

The following result uses the interconnection matrix Ax (¢, z) to derive an upper bound on the entropy
of (16) without explicitly evaluating a matrix measure of the full Jacobian J, f(¢, x).

Corollary 1. Consider the interconnection matrix Ax(t, z) defined in (19). The topological entropy of the
interconnected system (106) is upper bounded by

h(f,to, K) < nmax{iy, 0}, (20)
where
fn :=limsup  max  un(An(t,v)). (21)

t—oo vEco(£(t,to,K))

Proof. By Lemma 3 below, the constant /i defined in (10) using the global matrix measure u(+) satisfies
it < fin. Thus, the upper bound in (20) follows from (9). 0

*Inequalities between vectors or matrices are interpreted entrywise (e.g., A > 0 means that A is a nonnegative matrix).



Lemma 3 ([45, Th. 2]). For a block matrix A = [A;;] € R™™ with A;; € R™*" fori,j € {1,...,m},
let AN = [a;j] € R™ ™ be any matrix satisfying

aii > pi(Ai), aij > || Aijllij
for all diagonal and off-diagonal entries, respectively. Then

pa(A) < pn(An).

We now present a new upper bound on the entropy of (16). The proof is given in Section 7.3, using
preliminary results established in Sections 7.1 and 7.2.

Theorem 2. Consider the interconnection matrix Ax(t,x) = [ai;(t,z)] € R™*™ defined in (19). Let

A

Ay = [a;;] € R™*™ be any matrix satisfying

a,;; > limsu ma; a;i(t,v Vi,jge{l,....,m}. 22
1) — t—>oopU€CO(§(tjf(o,K)) Z]( ) J { } ( )

Then the topological entropy of the interconnected system (16) is upper bounded by

h(f,t0, K) < nmax{a(Ay), 0}. (23)

Theorem 2 extends [31, Th. 1] from time-invariant to time-varying systems and replaces bounds over the
entire state space with asymptotic bounds over the convex hull of the reachable set.

The upper bounds in (20) and (23) depend on the asymptotic behavior of the interconnection matrix
An(t, x) over the convex hull of the reachable set &(¢, tg, K'). As in Section 3, they are obtained by applying
different operations to Ax(t, ).

Both bounds hold for any choice of local norms. The bound in (20) additionally depends on a monotone
network norm, whereas the bound in (23) does not. For fixed choices of local and network norms, either
bound may be tighter. For example, the bound in (20) may be tighter because taking the matrix measure
before the asymptotic bound can preserve relationships among the entries of the interconnection matrix.
Conversely, the bound in (23) may be tighter because the spectral abscissa can be strictly smaller than the
matrix measure of the same matrix. These possibilities are illustrated by Examples 2 and 3 in Section 3,
where the systems can be viewed as interconnections of two scalar subsystems. Example 4 in Section 6
further illustrates how the choice of subsystem decomposition affects the interconnected entropy bound, even
with fixed local norms. Additional upper bounds on the entropy of (16) are given in Section 5.

Remark 4. For a cascade (i.e., triangular) interconnection, the interconnection matrix Ay (¢, x) is triangular,
and one can select a triangular comparison matrix Ay. Its spectral abscissa is determined by the diagonal
entries. Thus, the upper bound in (23) reduces to

]

h(f,to, K) < nmax{ max fi;, 0}, 24)
<i<m
where

(i, »= lim su max i(J. fi(t,v)).
Hi t%oopUECO(g(tvth)) pil x,fz( )

The bound in (24) depends only on the diagonal Jacobian blocks, although the interconnections may still
influence these blocks and the reachable sets over which they are evaluated.

10



For a lower bound on the entropy of (16), note that the trace of the full Jacobian is the sum of the traces of
its diagonal blocks. Thus, the lower bound in (11) can also be evaluated using subsystem-level trace bounds,
regardless of the interconnection structure.

5 Alternative upper bounds on entropy

In this section, we present alternative upper bounds on the topological entropy of general and interconnected
nonlinear time-varying systems.

We first establish results complementing Theorems 1 and 2. Proof sketches are provided in Appendix B,
with complete proofs given in Appendix C.

Proposition 2. The topological entropy of the nonlinear time-varying system (1) is upper bounded by
h(f,to, K) < nmax{i*, 0}, (25)

where
*

h* = inf i J f(t,E(t t . 26
= 2 P i MO S 1) -

The upper bound in (25) depends on the asymptotic behavior of the Jacobian J,, f (¢, x) along solutions
starting from the convex hull of the reachable set £(¢1, to, K ), for arbitrary t; > ty. Consequently, it may be
tighter than the upper bound in (9) if the reachable set £(¢1, to, K) is convex for some t; > t.

Proposition 3. Consider the interconnection matrix Ax(t,z) = [a;;(t,z)] € R™™ defined in (19). Let
AL = [dfj] € R™*™ be any matrix satisfying

. ini — %
(et =) <o @
where
alli(t, ty) := max a;;i(t, E(t,t1,v)).
ij ( ’ 1) veco(E(t to, K)) l]( 7£( 1, ))

Then the topological entropy of the interconnected system (16) is upper bounded by

h(f,to, K) < nmax{a(A;), o}. (28)

The upper bound in (28) is obtained by bounding the interconnection matrix along solutions starting
from the convex hull of the reachable set at an intermediate time ¢; > ty. Unlike (22), the condition (27)
involves a supremum over ¢ > t, rather than an upper limit as ¢ — oo. This difference arises from the
alternative trajectory-separation bound in Lemma 10 in Appendix B.

We next derive corresponding results complementing Proposition 1 and Corollary 1.

Corollary 2. Let A* = [d;-kj] € R™™ be any matrix satisfying

inf max (Sup a;?i(t, t1) — a%) <0, (29)

t12t0 1<4,j<n \ ¢>¢,
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where

all(t, ty) := max 0, fi(t, (L, t1,v)),
i ( 1) veco(E(tr do,K)) If( 5( 1 ))
i ) = a. fi(t, &L, 11,

a;;(t,t1) vgco(?(lﬁfiox))' 2, Ji(t E(E, t1,0))]

for diagonal and off-diagonal entries, respectively. Then the topological entropy of the nonlinear time-
varying system (1) is upper bounded by

h(f,to, K) < nmax{a(4), 0}. (30)

Corollary 2 follows from Proposition 3 by viewing (1) as n interconnected scalar subsystems, as in the
proof of Proposition 1.

Corollary 3. Consider the interconnection matrix Ax(t, x) defined in (19). The topological entropy of the
interconnected system (16) is upper bounded by

h<f7 thK) < nmax{ﬂﬁ, 0}7 (31)

where

ay = inf limsu max AN(t, E(t, t1,0))). ~
N t12to t—>oopu6co(§(t1,t0,K))’uN( N(t,€(t,t1,0))) (32)

Corollary 3 follows from Proposition 2 and Lemma 3, as in the proof of Corollary 1.

6 Numerical illustration

Example 4. We consider a time-varying extension of the classical Lorenz system:
i’l = 0(132 — 1‘1),
i‘g = H(t) Ir1 — Ty —XT1X3, (33)
i3 = 1172 — Pg,
where 6(t) = 6p + sint models periodic variation in thermal forcing. We select o = 10, § = 8/3, and
0o = 28, for which the corresponding autonomous Lorenz system exhibits chaotic behavior [46]. We

compare the upper bounds on the entropy of (33) obtained from Theorems 1 and 2, using different induced
norms and subsystem decompositions.

Following a standard quadratic Lyapunov-function construction for the autonomous Lorenz system (see,
e.g., [47]), define
V(t,x) = af + a3 + (23 — 0 — 0(t))*.

Let z := x5 — 0 — 0(t). Differentiating along solutions yields
V = 2027 — 223 — 2827 — 2(B(c + 0(t)) + 0(1)) 2.
By Young’s inequality,

(B(o + 6(t)) + 6(1))

V< —cV+ ,
p

12



where ¢ := min{20, 2, f} = 2. Since

sup |B(o 4 0(t)) + 6(t)| = B(o + 00) + /5% + 1,

t>0

the family of time-varying balls
Spi={z € RS2l + a3 + (35— 0 — 0(1))* < R},

where

Blo+06) + VB +1
Vep

is forward invariant. For any initial set K C .Sy, the convexity of S; implies

R :=

co({(t,0,K)) C Sy Vit > 0.

Thus, the entropy bounds can be evaluated using the enclosures S;, as discussed in Remark 2.

We first evaluate the general upper bound in (9) using the induced oo- and 2-norms. Since 0(t) — x5 =
—0o — z, the Jacobian of (33) is

-0 o 0
J.ft,x)=|-0—2 -1 —x1].
T2 1 —f

For the induced oco-norm, the corresponding matrix measure satisfies
fioo (J f (T, )
= maX{O, -1+ |G + Z| + ‘$1|7 _B + |$2‘ + |$1|}

Since 22 + 73+ 22 < R?on S;and o + 8 > 1,

SUp Max foo (J, f(t,2)) = 0 — 1 + V2R.
t>0 €St

Thus, Theorem 1 yields
h(f,0,K) <3(c —1+v2R).

For the induced 2-norm, the corresponding matrix measure po(J,, f(¢,x)) is the largest eigenvalue of

-0 —z/2 /2
=|-2/2 -1 0 1,
I2/2 0 —ﬁ

L f(tx) + 3 f(t,x)"
2

where the skew-symmetric coupling between 2 and z3 does not contribute to the symmetric part. Since
B > 1, the largest eigenvalue over S; is maximized at |z| = R and 2 = 0, giving

—(c+1)++/(0c —1)?>+ R?
5 :

sup max 12(J, (1, )) =
t>0 TESt

13



Thus, Theorem 1 yields
3
h(f,0,K) < 2(-(0’+ 1)+ 4/(c—1)2 +R2>.

We next evaluate the interconnected upper bound in (23) using three subsystem decompositions. For each
decomposition, we construct a Metzler comparison matrix satisfying (22) with respect to the interconnection
matrix defined by (19).

First, viewing (33) as three interconnected scalar subsystems and using |x1], |z2|, |z| < R on S, we
obtain the comparison matrix

—o o 0
A =lo+R -1 R
R R -p

Thus, Theorem 2 yields
h(£,0, K) < 3max{a(A)), 0}.

Second, consider two interconnected subsystems with states y; = (z1,x2) and yo = x3, using induced
2-norms locally. Since the symmetric part of the first diagonal Jacobian block is

-0 —z/2
—z/2 =1

(o + )+ Vo -1’2 _
2

the interconnection matrix satisfies

aii (t7 JZ‘) <

L,

and
aia(t,z) <R, az (t,z) <R, an(t,r) = —p.

Hence the corresponding comparison matrix is

Thus, Theorem 2 yields

h(f,0,K) < 2(w—5+\/(¢+ﬁ)2+4R2>.

Finally, consider two interconnected subsystems with states y; = 1 and yo = (z2,x3), again using
induced 2-norms locally. Since the symmetric part of the second diagonal Jacobian block is

!

ay (t,x) = —o, aiz(t,x) = o,
as (t,z) <o+ R, ax(t,z) = —1.

the interconnection matrix satisfies

14



Hence the corresponding comparison matrix is

A _

Thus, Theorem 2 yields

h(f,0,K) < 2(—(04—1)4— Jio- 1)2+40(J+R)).

The resulting numerical bounds are summarized in Table 1. For the selected parameters, R ~ 45.11.

Table 1: Upper bounds on the entropy of the time-varying Lorenz system.

Method Upper bound
(9), induced co-norm 218.39
(9), induced 2-norm 52.50
(23), scalar subsystems 154.71

(23), (x1, x2)—r3, induced 2-norm 160.93
(23), x1—(x2, x3), induced 2-norm 55.21

The comparison illustrates the effects of norm selection and subsystem decomposition on the entropy
bounds. The general bound (9) obtained using the induced 2-norm is substantially tighter than that obtained
using the induced co-norm. The interconnected bound (23) with the z1—(x2, x3) decomposition also improves
substantially upon the general induced co-norm bound, although it is slightly larger than the general induced
2-norm bound.

The subsystem decomposition significantly affects the interconnected bound (23), even with fixed local
norms. In particular, grouping x2 and x3 into one subsystem preserves their skew-symmetric coupling within
a diagonal Jacobian block, where it does not contribute to the matrix measure. In contrast, separating these
variables introduces nonnegative off-diagonal block norms and loses this cancellation. Consequently, the
x1—(x2, 3) decomposition yields a substantially tighter bound than the other decompositions considered.

Finally, the example illustrates the usefulness of the time-varying enclosures discussed in Remark 2.
Centering S; at x3 = o + 6(t) simplifies the Jacobian entry 6(t) — x3 to —o — z, allowing the time
dependence to be incorporated directly into the entropy bounds. Also, using the convex enclosures S,
Propositions 2 and 3 yield the same numerical bounds as Theorems 1 and 2, respectively.

7 Proofs of main results
In this section, we prove the main results. We first establish a bound on trajectory separation and construct

universal spanning sets. We then combine these results to prove Theorem 2, followed by Theorem 1 and
Proposition 1.

15



7.1 Subsystem-wise trajectory-separation bound

We establish a subsystem-wise upper bound on the separation between trajectories of the interconnected
system (16). For each i € {1,...,m}, let &(t,to,z) € R™ denote the state of the i-th subsystem at
time ¢ along the solution of (16) with initial state = at time ¢g. The overall solution is then given by

f(tv to, ZL‘) = (51 (ta to, $), s agm(ta to, x))

Lemma 4. Consider the interconnection matrix Ax(t,x) = [a;j(t,z)] € R™ ™ defined in (19). Let

Ax(t, to, K) = [a;;(t, to, K)] € R™*™ be any matrix-valued function satisfying

a;(t,tg, K) > sup max a;i(s,v (34)
i ) sefto 1] vECo(£(s,t0, K)) i9(5:0)

S
|
—~
K1

T
u&l
3
N—
m
=

forallt > tyandi,j € {1,...,m}. Then for all initial states x = (1, ..., %),
with x;, x; € R™, the solutions of the interconnected system (16) satisfy

|§1 (ta t07 ‘%) - 61 (ta th CL‘)|1

6t t0, ) — Em(t, o, 2)

|z1 — x1)1

< eAn(bto,K)(t—to) : Vi >t. (35)

|='fm - $m|m

Lemma 4 extends [48, Prop. 1] by introducing the matrix-valued function AN (t,to, K) in place of a
constant matrix. This extension is used to derive the upper bound on entropy in Theorem 2. The proof, given
in Appendix A.2, is inspired by the variational construction in [48, Prop. 1], which builds on earlier results
including [44, Th. 1] and [49, Th. 4.2].

7.2 Universal spanning sets

We construct spanning sets by extending a grid-based approach from [37]. This construction is independent
of the system dynamics.

As K is compact, there exists a closed hypercube B of radius » > 0 centered at the origin such that
K C B. Foravector 0 = (61,...,60,) € R, which may depend on 7" and ¢, define the following grid in
B:
G(Q) = {(klel,...,knen) EB:kl,...,knEZ}. (36)
Let R(x, §) denote the open hyperrectangle in R"™ centered atz = (x1, . .., z,,) with side lengths 261, . . ., 20,,,
that is,

R(z,0) = {(Z1,...,2,) € R":
’3_71—(131‘ <01,...,‘i’n—l’n’<9n}. (37)
Then

B C U R(x,0).
z€G(0)
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Next, for each x € G(6) such that R(x, ) N K # (), select one point z € R(x,0) N K, and let E'(0) be the
set of the selected points. Then
Kc |J R(z20)
z€E(H)

by the triangle inequality, and the cardinality of E'(#) is upper bounded by

po) < 160) < I1(2[7] +1)

Given a time horizon 7' > 0 and a radius £ > 0, by comparing the hyperrectangle R(z, 26) to the open
ball By, (x,e,T) defined in (2), we obtain the following lemma. The proof is given in Appendix A.3.

Lemma 5. [fthe vector 0 is selected so that
(R(x,20) N K) C Byy,(x,e,T) Yz e E(6), (38)

then the set E(0) is (T, €)-spanning. Moreover, if (38) holds for all T' > 0 and ¢ > 0, and

log 6;
limsup limsup —22 <0 Vie{l,...,n}, (39)
N0 Tooo I

then the topological entropy of (1) is upper bounded by

h(f,to, K) < lim sup lim supz M

(40)
N0 Tox i T

Note that (39) holds if all 6; are nonincreasing in 7.

Lemma 5 extends the results on spanning sets and upper bounds on entropy from [37, Lemma 2] and
[39, Lemma 6], from switched linear and nonlinear systems, respectively, to general nonlinear time-varying
systems.

7.3 Proof of Theorem 2

Combining the trajectory-separation bound in Lemma 4 with the spanning set construction in Lemma 5
yields the following intermediate upper bound on entropy. The proof is given in Appendix A.4.

Lemma 6. Consider the interconnection matrix Ax(t,x) = [a;j(t,x)] € R™*™ defined in (19). Let
Ax(t,to, K) = [a;;(t, to, K)] € R™*™ be any locally bounded matrix-valued function satisfying (34) for
allt > tyandi,j € {1,...,m}. Then the topological entropy of (16) is upper bounded by

h(f,to,K)§limsupﬁ sup logHe ttO’K)(t_tO)HN. 41
T—o00 TtE[to,to+T]

We now establish the upper bound on entropy in Theorem 2.
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Proof of Theorem 2. By the upper limit in (22), for each d; > 0, there exists a sufficiently large ¢; > t( such
that

su max a;;i(t,v) <a;; +06 Vi,jed{l,...,m}.
oo, vecolE(tto. ) () <y + 0 7ed J

Consider the interconnected system (16) with the new initial time ¢; and the corresponding initial set
Ky = &(ty,t0, K). As &(t,to, K) = £(t, t1, K1), the matrix-valued function AN(t,tl, Ky) = AN + 611,
where 1 denotes the matrix of ones in R, satisfies (34) for all ¢ > t;. Thus, applying Lemma 6 with the
new initial time #; and initial set K yields

n R
h(f,t1,K1) <limsup—= max lo eUnta)lt=t)| o
(f,t1, Kq) < msup 7 max g |l N

Therefore, by Lemma 1,
h(fu tO)K) = h(fa tlyKl)

< lim su ﬁrnaux log || e
< P gl

AN+51 1)t HN
T—o0 te 7T]

By characterizing the spectral abscissa through the asymptotic growth rate of the matrix exponential
[43, Fact 11.15.7, p. 690], we obtain

~ 1 2
a(Ay +611) = lim - log [|eMN+07|
t—oo ¢t
Thus, for each 5 > 0, there exists a sufficiently large to > 0 such that
log ||t < (a(Ax +011) +62)t Vit >ty
Consequently, for all T" > ¢35, we have

1 (A +011)t < A 1 T
e log [y < max{(a(Ay +611) +82) T, Caff,

AN—|—511

where C 1= max;c(o,,] log e )!||x is independent of T and thus satisfies Co/T — 0 as T — oc.

Therefore,

h(f, to, K) < nmax{a(le +011) + da, 0}.
Since 41, d2 > 0 are arbitrary and the spectral abscissa is continuous with respect to the matrix entries (see,
e.g., [50, Sec. 2.4.9]), the upper bound in (23) follows. O
7.4 Proof of Theorem 1 and Proposition 1

The upper bound in Theorem 1 and Proposition 1 follow from Theorem 2. To establish the lower bound in
Theorem 1, we first derive the following volume bound. The proof is given in Appendix A.5.

Lemma 7. The reachable set of (1) starting from K satisfies
vol(&(t, to, K)) > Y0 vol(K) Vit > 1o, (42)

where

~(t,t0) := min /t tr(J, f(s,&(s,to,v))) ds.

veK Jy,
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We now establish the upper and lower bounds on entropy in Theorem 1.

Proof of Theorem 1. First, the general system (1) can be viewed as an interconnected system (16) with a
single subsystem. Thus, the upper bound in (9) follows from (23) by setting m = 1 and letting the local
matrix measure p1(-) = pu(+).

We next establish the lower bound in (11) using a volume argument. For arbitrary 7" > 0 and € > 0, the
lower bound in (42) on the volume of the reachable set implies

vol(€(t + T tg, K)) > e"10+T40) vol(K),

Let E be a minimal (7', ¢)-spanning set. By the equivalence of norms on finite-dimensional vector spaces,
there exists a constant 7o, > 0 such that

V|00 < Too|v] VveR"
for the norm | - |. Thus,
{(to +T,t0,K)
C | J{ZeR |z —E(to+Toto, @) < e}
xeR
C J{z eR™: |z — &(to+ T, o, 2)|oc < oot}
x€ER
and hence

vol(&(to + T, to, K))

<> vol({z € R™ : [z — &(to + T’ to, @)oo < Toot})
el

= (2r0e)"|E|.
Therefore, the minimal cardinality of a (7', €)-spanning set satisfies
VOl(g(tO + T7 lo, K))
(2r00e)™

eVt Tobo) ol (K)
- (2roce)™

S(f)t0755T7K) = |E| Z

Consequently, by the definition of entropy (4), we have

h(fat07K)

to+T,t 1 1(K)/(2ro0e)™

< i i i s 200 T+ £0) + 10B(v0l() /(Groce)")
€ T—o00 T

— 7(t0 + T7 t(])

= limsup —————=
T— 00 T

)
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where we use the fact that C, := log(vol(K)/(2re)™) is independent of 7" and thus satisfies C. /T — 0
as T' — oo. Therefore,

h(f)t07K)

1 to+T
> limsup—min/ tr(J, f(s,&(s,to,v)))ds
T— o0 veK to

> lim sup % /;HT (min tr(fo(s,f(s,to,v)))> ds.

T—o0 0 veK

By the lower limit in (12), for each § > 0, there exists a sufficiently large t5 > t( such that
min tr(J, f(¢,&(t, to,v))) > X — 0 Vit > ts.
veEK

Consequently,

/tt0+T (mintr(fo(s,g(s, to, v)))) ds > (x = 0)T + C;s

0 veEK
forall T > ts — tg, where

Cs = /:5 (mintr(fo(s,f(s,to, ) — (% — 5)) ds

o \VEK
is independent of 7" and thus satisfies Cs/T" — 0 as 1" — oo. Therefore,
h(fvthK) > >V< — 0.

Since ¢ > 0 is arbitrary and h(f, tg, K') > 0, the lower bound in (11) follows. d

Proof of Proposition 1. The general system (1) can be viewed as an interconnected system (16) composed
of n scalar subsystems. Thus, the upper bound in (15) follows from (23) by setting m = n and letting the
local norms be the absolute value (in which case the local matrix measure of a scalar is the scalar itself). [

8 Conclusion

This paper studied the topological entropy of general and interconnected nonlinear time-varying systems. We
examined the dependence of entropy on the initial time and initial set, and established general upper and lower
bounds using asymptotic properties of the system Jacobian. For interconnected systems, we derived upper
bounds based on the matrix measure of an interconnection matrix and the spectral abscissa of a Metzler
comparison matrix. The latter incorporates interconnection structure through subsystem-wise trajectory-
separation analysis. It recovers the two general upper bounds by viewing the system as an interconnection
of a single subsystem or scalar subsystems, respectively.

The proposed approach has several notable features:

* It allows enclosures of reachable sets to be used to obtain more tractable bounds, potentially at the expense
of tightness.

* It separates trajectory-separation analysis, spanning-set construction, and asymptotic entropy estimates,
providing flexibility in adapting these components to different classes of systems.
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* It supports arbitrary subsystem decompositions and facilitates modular analysis, allowing bounds on the
Jacobian blocks to be obtained separately and combined to estimate the entropy of the overall system. The
choice of norm and decomposition can potentially be optimized based on the system structure.

Future work will investigate improvements that further exploit time-varying dynamics, extensions to
special interconnection structures such as cascades, and the computational complexity of the proposed
bounds.

A Proofs of technical lemmas

A.1 Proof of Lemma 1
Fix t; > tg and let K3 := &(t1, to, K). Consider arbitrary 7' > t; — tg and € > 0.

First, let E be a minimal (7', £)-spanning set for K at to, and Ey := {(t1, to, Eo). We show that F is
a (to + T — t1,¢)-spanning set for K at ¢; using the composition property of solutions. For any z € K7,
there exists € K such that z = (¢, tg, ). By the spanning properties of Ey, there exists z € E such
that x € By, (z,¢,T). Then z := £(t1, 10, ) € L satisfies

|5(t7t172) - g(tvtlwgﬂ = |£(ta t0,$) - £(t7t07j)| <e
forall t € [t1,to + T, thatis, z € By, (%,€,to + T — t1). Thus,
Ky CUsep, By, (Z,e,t0 + T — t1).

Therefore,
S(f7t1757t0+T_t17K1) S |E0’ = S(f7t0757T7K)'

Since T'/(to + T — t1) — 1 as T' — oo, the definition of entropy (4) yields h(f,t1, K1) < h(f,to, K).

Conversely, let £ be a minimal (t1 — to, 5)—sp_anning set for K at t, and E; a minimal (to+T —t1,¢)-
spanning set for K at t1. For each pair (z,2) € Ey x E1, let

Cj72 =KnN Bf’to(.%,&‘,fq — to)
N {x : f(tl,to,x) € Bf7t1(5,€,t() + T — tl)}.

For every nonempty Cj z, select one point Z € Cjz, and let E be the set of the selected points. Then
|E| < |Eo| |E1|. We show that E'is a (T, 2¢)-spanning set for K at to. By the spanning properties of Ej
and E4, for any z € K, there exist T € Eg and z € Ej such that

T € Bf,to(.f,é‘,tl — to), f(tl,to,l') c Bfﬂgl(g,é“,to + 7T — tl).

Hence x € Cz 3, and by construction, there exists £ € &/ N Cz ;. Applying the triangle inequality with the
intermediate points {(t, to, z) for ¢ € [to,t1] and {(¢, 1, 2) for t € [t1,to + T'], and using the composition
property of solutions, we obtain

|E(t, to, ) — E(t, b0, )| < 26 VYt € [to, to + T).
Therefore,

S(f7t072€7T7K) S S(fat()?E?tl _t07K)
X S(f,tl,E,t0+T—t1,K1).
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Since the first factor is independent of 7', the definition of entropy (4) yields h(f,to, K) < h(f,t1, K1).

Combining the two inequalities completes the proof.

A.2 Proof of Lemma 4

We first establish a subsystem-wise trajectory bound for the interconnected LTV system

m

=) Ayt)zj, t>ty, i€{l,...,m},

Jj=l1
where A;; : R — R"™*"™ are piecewise-continuous matrix-valued functions.

Lemma 8. Let Al (t,t) = [d%ijn(t, to)] € R™*™ be any matrix-valued function satisfying
hn(t to) > sup pi(Ai(s)),
s€[to,t]

@i (tto) = sup || Ay(s)llis
s€[to,t]

Vi >t

for all diagonal and off-diagonal entries, respectively. For all initial states x = (z1,. ..,
x; € R™, the solution of the interconnected LTV system (43) satisfies

’51(t17t07$)|1 . ’x1|1
) < AV (tto)(ti—to) | Vi1 > to.

|§m(t17t07$)|m |$m|m

Proof. Fix t; > tg. For each i € {1,...,m}, the right-sided derivative of the map ¢t — |&;(¢, 0, z)|;,

(43)

(44)

Tm) € R™ with

(45)

denoted by 9;"[&; (¢, to, 7)|;, satisfies the following inequalities at every continuity point of A(t) in [to,#1):

at+‘§i(t7 to, 'r)‘l
lim |&i(t + s,t0, )]s — |€i(t, to, )i

- s\0 S
i 1&(t,to, @) + 83750 Aij(t) §(t, to, x)|i — |&i(t, o, @) s
o s\0 S
.|+ sAu(t)]i — 1
— SI\I‘I(I) s ‘gl(t7t07x)‘l
+Z ||A1J ||Z]’§j t s to, @ )|
JF#i
= pi(Au ()€t to, )i + D 11 Aii (8)[1i51€5 (¢, to, )1
JFi
< ay(t1, to)|&(t to, )i + > a@y) (t1, t0)[€5(E o, )5
JFi
Therefore,
1€1(t, to, z) 1 &1(t, to, )1
o : < AR (t1, t0) :
’fm(t7t07x)’m ’fm(t,to,.%)‘m
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for almost all ¢ € [tg,t1). Since the maps ¢ — | (¢, o, )|; are absolutely continuous and ALP(¢1, ) is
a constant Metzler matrix over [to,?;], the upper bound in (45) follows by the comparison principle for
differential inequalities (cf. [48, Prop. 1]). ]

Proof of Lemma 4. We use a variational representation of the difference between two trajectories (see, e.g.,
[42, Sec. 2.5]) to construct an interconnected LTV system and then apply Lemma 8.

Fix arbitrary initial states © = (z1,...,Zm), T = (Z1,...,Tm) € K with z;,z; € R™, and define
v(t,0) = 05t to, ) + (1 — 0)E(t, to,z), > to, 6 €[0,1].
Then

at(g(t)tOW/i) - f(t, t07‘r))
= f(t,f(t, to,f)) - f(tf(t,to,%))
= f(tv V(t7 1)) - f(t7 ’/<t70))

= /OlJmf(t,u(t,H))agu(t,e) de
- (/1 Jof(t,v(t,9) de) (€(t,to, @) — £(t, o, 2))

for almost all t > £y (see, e.g., [51, Sec. 4.2.4] for a more detailed justification). Thus, the trajectory
difference £(t, to, ) — £(t, to, x) is a solution of the interconnected LTV system (43) with initial state £ — z
at tg and

1
Aij(t) = /0 Jo, fi(t,v(t,6))df € R %1

fori,j € {1,...,m}.

Let AR (¢, t0) := Ay(t, to, K) = [a;;(t,to, K)]. For each t > to, since the matrix measures 1;(-) and
induced norms || - ||;; are convex functions, and v(t,0) € co({(t,t, K)) for all § € [0, 1], we have

sup ui(A4i(s)) < sup / pi(Jy, fi(s,v(s,0)))do
s€[to,t] s€[to,t]

s€[to,t] 9€[0,1]
~(t to, K),

sup 4y < swp [0, i, v, )y 6

s€[to,t] s€[to,t]

< sup max ai(s,v(s,0))

IN I/\

N

sup max a;i(s,v(s,0
se[tft]GE[Ol} (s v(,0))

aij(t, tOv K)

for all diagonal and off-diagonal entries, respectively. Hence (44) holds. Consequently, applying Lemma 8
over [to, t] yields (35). O
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A.3 Proof of Lemma 5

If (38) holds, then
Kc |J (R@200nK)c |J Bygl(weT).
z€E(6) 2€E(0)

Thus, E(0) is a (T, €)-spanning set. Consequently, the minimal cardinality of a (7', )-spanning set satisfies

S(f, to,e, T,K) < ]ﬁ[({ J+1)<H( )

If (38) holds for all 7" > 0 and € > 0, then the definition of entropy (4) implies

log(2r/0; + 1)
h(f, to, < lim sup lim su _—
(f:to, K) nsup T—mplzl -

" log(1/6;
< lim sup lim sup M
e\0 T—oo ;3 T

log(8; + 2
+ Z lim sup lim sup M

; (46)

where the last inequality holds as the upper limit is a subadditive function. Moreover, each summand in the
last term of (46) satisfies

. . log(0; + 2r)
lim sup lim sup ———
N0 T—oo T

log(26;), log(4
< lim sup lim sup max{log(26;), log(4r)}
e\,0 T—00 T

T—00

. . log 0;
= max4 lim sup lim sup , 0%,
e\0 T

where the equality holds in part because 7 is independent of T'. Therefore, (46) implies (40) under the
condition (39). ]

A.4 Proof of Lemma 6

Consider arbitrary initial states * = (x1,...,2n), T = (Z1,...,Zn) € K with z;,z; € R™. By applying
the subsystem-wise trajectory-separation bound in (35), together with the definition of the global norm | - |g
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in (18), and using the monotonicity of the network norm | - |y, we obtain

|€(ta tO)j) - g(tatOPI)‘G
€1(t, 20, 7) — &1(t,t0, )1 ]

|£m(ta th j) _‘ gm(t, th $)|m_ N

) |Z1 —x1]1 ]
< eAn (t:t0,K) (t—to)
|~i'm - xm’m_ N
) |z1 — x1)1
< ||leAnttoK)t—to) || o

’a_jm - xm’m N

for all ¢ > to. By the equivalence of norms on finite-dimensional vector spaces, there exist constants
T1,...,Tm, TN > 0 such that
lvili < 7ri|vil oo Vo, e R, ie{l,...,m}

for the local norms | - |;, and
lv|n < rN|Y|oo YveR™

for the network norm | - |5. Consequently,

‘f(tv to, J_:) - §(t7 to, x)|G

< AN(tatovK)(tftO) T — .
= ||6 HNTN 1285;1 |xz xz|7,

< ||eAn(tto, K)(t—t0) -
= ||6 HNTN 1285;1”’%1 $z|oo

for all t > ty. Therefore, for arbitrary 7' > 0 and € > 0, we have

max t,to,x) — E(E, Lo, T
te[to’tﬁﬂ\f( 0,2) — &(t, o, 2|

= ( sup ||€AN(t’t0’K)(t_t°)||N>7“N max 7;|T; — Tiloo-
tefto,to+T) 1<i<m

Consider the set £(6) defined in Section 7.2 with the vector 6 = (611,,,,...,0,1,,.) € RY,, where
0; := 5/ <27‘N7‘¢ sup ||eAN(t’t°’K)(t_tO)||N> )
tE[to,to—ﬁ-T}
fori € {1,...,m}, and 1,, denotes the vector of ones in R™. The choice of 6 ensures that (38) holds for

the hyperrectangles R(x,26) defined in (37) and the open balls By, (x,,T") defined in (2) with the global
norm | - |g. Hence Lemma 5 implies that E(#) is (7', ¢)-spanning. Moreover, since 7' > 0 and € > 0 are
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arbitrary and all §; are nonincreasing in 7', the entropy bound in (40) applies. Consequently,

h(f,to, K) <limsuplimsup y  ——=""
e\o0 T—oo ;7 T
= lim sup n sup log H@AN(tyto,K)(t*to) N,
T—o0 te[to,to+T]

where we use the fact that C, := Y7 | n; log(2rn7;/€) is independent of 7" and thus satisfies Cz /T" — 0 as
T — oo. O

A.5 Proof of Lemma 7

For each v € R"™, consider the LTV system (7) with A(t) := J,f(¢,£(¢,t0,v)). By applying the standard
variational equation for nonlinear time-varying systems (see, e.g., [52, Th. 7, p. 24]) on intervals of continuity
and joining the solutions at time discontinuities, its state-transition matrix is given by the solution Jacobian

fo(t, to, ’U).
By Liouville’s formula (see, e.g., [53, Th. 4.1, p. 28]), the determinant satisfies

1) = o s nto) ds

det(ng(t,to,U Vit > to.

Therefore, by the change-of-variables formula,

vol(&(t, to, K)) = /K (et (J,E(t, to, v))| do

> (ixg]% det(J£( to, U))> Vol (K)

= ¢(t:t0) vol(K)

for all ¢ > t(, which establishes (42). L]

B Proof sketches of Propositions 2 and 3

We first consider Proposition 2. Its proof is analogous to that of Theorem 1. The main difference lies in
the construction of trajectory-separation bounds. Specifically, we apply variational arguments to the line
segment connecting two initial states, rather than the line segment connecting their corresponding trajectories
at each time, as in the proof of Lemma 4. Using Coppel’s inequality (see, e.g., [42, Th. 3, p. 47]), we obtain
the following lemma. The proof is given in Appendix C.1.

Lemma 9. For all initial states x,x € K, the solutions of the nonlinear time-varying system (1) satisfy

(€t to, T) — E(t,t, )| < & B RNE g Vi > 1, 47)

where .
W0, 1) = manx [ (1,15, €(s, t0,0) d. @)

veco(K) Jig
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Applying Lemma 9 in place of Lemma 4 leads to the constant 4i* defined in (26) in Proposition 2,
rather than the constant /i defined in (10) in Theorem 1. The complete proof of Proposition 2 is given in
Appendix C.2.

We next consider Proposition 3. Its proof is analogous to that of Theorem 2. As in Proposition 2, we
apply variational arguments to the line segment connecting two initial states, but use the subsystem-wise
comparison argument of Lemma 8 instead of Coppel’s inequality. This leads to the following lemma. The
proof is given in Appendix C.3.

Lemma 10. Consider the interconnection matrix AN(t,z) = [a;;(t, )] € R™*™ defined in (19). Let
Ali(t g, K) = [&?Jﬁ(t, to, K)] € R™*™ be any matrix-valued function satisfying

alf(t, to, K) > sup max a;(s,&(s,t0,v)) “49)
s€[to t] veco(K)

forallt > tyandi,j € {1,...,m}. Then for all initial states x = (1, ..., %),
with x;,x; € R™, the solutions of the interconnected system (16) satisfy

K1
I
—
K1

T
JH|
3
N—
m
=

‘61 (ta t07 i.) - 61(t7 tUa x)‘l

|§m(t7 to, ‘7_3) - fm(t, to, «T)|m
. |71 — 11
< eAixrfli(tiO,K)(t*tO) : Vit > to. (50)

|J_:m - xm|m

Applying Lemma 10 in place of Lemma 4 leads to the condition (27) for the comparison matrix 14_11’(I in
Proposition 3, rather than the condition (22) for the comparison matrix Ay in Theorem 2. The complete
proof of Proposition 3 is given in Appendix C.4.

C Proof details of Propositions 2 and 3

C.1 Proof of Lemma 9

For each v € R"™, consider the LTV system (7) with A(t) := J,f(¢,£(¢,t0,v)). By applying the standard
variational equation for nonlinear time-varying systems (see, e.g., [52, Th. 7, p. 24]) on intervals of continuity
and joining the solutions at time discontinuities, its state-transition matrix is given by the solution Jacobian

J.&(t, to,v).

Fix arbitrary initial states z, x € K, and define
u(t,0) == £(t,t0, 07 + (1 — 0)x),  t>to, 0 €0,1].
For each fixed 6 € [0, 1], we have
O (t,0) = J&(t, to, 0z + (1 — 0)x)(Z — x).

Thus, the derivative 9,v(t,0) is a solution of (7) with initial state * — x at tg and A(t) := J, f(¢,v(¢,0)).
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By Coppel’s inequality (see, e.g., [42, Th. 3, p. 47]) and since v(t, 8) € &(t,tp, co(K)) forall § € [0, 1],
we have ft (I f(s,v(s,0)))ds ini
|Opv(t,0)] < /o= ETEET R g < @1 (0K |z — g

for all ¢ > ty. Consequently,

1
€t o, 7) — E(t,to, 7)| < /0 1Op(t, 0)| 0

S enini(t7t07K) ‘f _ m‘
for all ¢ > t(, which establishes (47). ]

C.2 Proof of Proposition 2

Combining the trajectory-separation bound in Lemma 9 with the spanning set construction in Lemma 5
yields the following intermediate upper bound on entropy.

Lemma 11. The topological entropy of (1) is upper bounded by

n -
h(f,to, K) <limsup— max n"™(t,tg, K), 51
(f,to, K) < mSup 7 max 1 (t,t0, K) (51

where the function 1™ (t, to, K) is defined in (48).

Proof. By the equivalence of norms on finite-dimensional vector spaces, there exists a constant > 0 such
that
[v] < 7v]oo VoeR"

for the norm | - |. Consider arbitrary initial states x, z € K. By applying the trajectory-separation bound in
(47), we obtain

|E(t,to, ) — E(t, to, )| < &1 Bt F) |5 g
6nini(t7t07

K )r\:i — Z|oo
for all t > ty. Therefore, for arbitrary 1" > 0 and € > 0, we have

max t,tg,xr) — E(E, Lo, T
te[tO,tO+T]|€( 0,Z) — &(t, to, )|

< max e7"(tt0.K)

< )T — Z|oo-
te[to,t0+T]

Consider the set () defined in Section 7.2 with the vector § = (61, ...,6,) € RZ,, where

0; ==« 2r max e (GtoK) , ie{l,...,n}.
tE[to,t0+T]

The choice of @ ensures that (38) holds for the hyperrectangles R(z, 26) defined in (37) and the open balls
By o (x,e,T) defined in (2). Hence Lemma 5 implies that £(6) is (7', €)-spanning. Moreover, since 7" > 0
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and € > 0 are arbitrary and all §; are nonincreasing in 7', the entropy bound in (40) applies. Consequently,

. . " log(1/6;)
h(f,to, K) <limsuplimsup » ———=
o, K) N0 T—oo ; T

n -
=limsup— max n"™(t,tg, K),
T_,OOP T teto,to+T) o )

where we use the fact that C. := nlog(2r/e) is independent of T and thus satisfies C./T — 0 as
T — oo. U

We now establish the entropy bound in Proposition 2.

Proof of Proposition 2. First, by the infimum in (26), for each § > 0, there exists t; > ¢ such that

limsup max p(J,f(t,E(t t1,0))) < 4+,

t—oo vEco(K7)

where K1 := {(t1,to, K). Next, by the upper limit in (26), there exists a sufficiently large to > t; such that

max M(fo(t,f(t,tl, 1)))) < ﬂ* + 26 Vi > to.
veco(K1)

Applying Lemma 11 with the new initial time ¢; and initial set K7 yields

n .
h(f,t1, K1) <limsup— max n"™(t,t1,K1).
(0, o) < T%oothE[thh-f'T]n (811, K1)

Moreover, for all T' > t9 — t1, we have

max 0Pt t, K
te[tl,tﬁ—T]n ( 1, K1)

t
< Cia, J . f(5,&(s,t1, d
_maX{ 12, moax | max 1(Jp f(5,€(s,t1,0))) 5}

< ) _
_maX{Cw, 012+t€[g§il>iT](M +26)(t 752)}

< Chra + max{g* + 29, 0}(t1 + T — ta),
where

t
Ci9 := ma; ma T f(s,E(s,t1,0))) ds
12 te[tlv)t(ﬂ v€co([)§1) t1 'u( xf( f( 1 )))

is independent of T" and thus satisfies C12/T — 0 as T'— co. Hence

t T —t
h(f,t1, K) < limsup 2~ — 2

nmax{f1" + 26, 0}.
T—o00 T

Therefore, by Lemma | and since (¢; + T — t2)/T — 1 as T — oo, we have
h(f,to, K) < nmax{i* + 24, 0}.

Since § > 0 is arbitrary, the upper bound in (25) follows. O
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C.3 Proof of Lemma 10

For each v € R"™, consider the LTV system (7) with A(t) := J,f(¢,£(¢,t0,v)). By applying the standard
variational equation for nonlinear time-varying systems (see, e.g., [52, Th. 7, p. 24]) on intervals of continuity
and joining the solutions at time discontinuities, its state-transition matrix is given by the solution Jacobian

Jxé(t7 to, ’U).

Fix arbitrary initial states z,z € K, and define
v(t,0) :=&(t, to, 02 + (1 — 0)x), t > to, 6 €[0,1].
For each fixed 6 € [0, 1], we have
Opv(t,0) = J &(t, to, 0z + (1 — 0)x)(z — x).

Thus, the derivative dyr/(t, 0) is a solution of the interconnected LTV system (43) with initial state £ — x at
to and
Aij(t) = Ty, filt, v(t,0)), i,j€{l,...,m}.

Let Al(t,tg) := Ali(t, g, K) = [&;’]?i(t,to,K)]. For each t > ty, since v(t,0) € £(t, 1, co(K)) for
all @ € [0, 1], we have

sup f1;(Aii(s)) < sup  max a;i(s,€(s,t0,v))
s€[to,t] s€[to,t] vECO(K)

< C_l;?l(tv tO? K)v

sup || A4ij(s)]li; < sup max a;;(s, (s, to,v))
s€[to,t] s€[to,t] vECO(K)
< &%‘I]:li(t7 lo, K)

for all diagonal and off-diagonal entries, respectively. Hence (44) holds. Consequently, applying Lemma 8
over [to, t] gives

\8951(t,t0,096 + (1 — 9)1‘)’1

|0p€m (£, t0, 0T + (1 — 0)2)|m
) ‘3_31 - «731|1
< AN (tto, K) (t—to) : Vi >to.

|J_f'm - xm|m

Integrating over 6 € [0, 1] and applying the triangle inequality componentwise yields (50). O

C.4 Proof of Proposition 3

Combining the trajectory-separation bound in Lemma 10 with the spanning set construction in Lemma 5
yields the following intermediate upper bound on entropy.
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Lemma 12. Consider the interconnection matrix Ax(t,x) = [a;;(t,z)] € R™ ™ defined in (19). Let
ARt ¢y, K) = [Zz%‘i(t, to, K)] € R™*™ be any locally bounded matrix-valued function satisfying (49) for
allt > tgandi,j € {1,...,m}. Then the topological entropy of (16) is upper bounded by

h(f,to, K) <limsup— sup log e (btoK)(—to)| . (52)
T—o0 te[to,t0+T]

The proof of Lemma 12 follows that of Lemma 6, with Lemma 10 and fl%\?i (t, to, K) in place of Lemma 4
and Ay (¢, to, K), respectively.

We now establish the entropy bound in Proposition 3.
Proof of Proposition 3. By the infimum in (27), for each §; > 0, there exists t; > g such that

su ma a;i(t. € t,v)) <ar +9
SP ecoln  aey (€ E1,0)) S T+ 01

foralli,j € {1,...,m}.

Consider the interconnected system (16) with the new initial time ¢; and the corresponding initial set
Ky = E(t1,to, K). As (L, to, K) = £(t,t1, K1), the matrix-valued function AW (t,¢1, K1) := A} + 611,
where 1 denotes the matrix of ones in R™*™, satisfies (49) for all ¢ > ¢;.

The remainder of the proof follows that of Theorem 2, with Lemma 12 and A*N in place of Lemma 6 and
Ay, respectively. O
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