LOGO

Topological Entropy of Nonlinear
Time-Varying Systems

Guosong Yang, Member, IEEE and Daniel Liberzon, Fellow, IEEE

Abstract— Two general upper bounds on the topological
entropy of nonlinear time-varying systems are established:
one using the matrix measure of the system Jacobian,
the other using the largest real part of the eigenvalues of
the Jacobian matrix with off-diagonal entries replaced by
their absolute values. A general lower bound is constructed
using the trace of the Jacobian matrix. For interconnected
systems, an upper bound is first derived by adapting one of
the general upper bounds, using the matrix measure of an
interconnection matrix function. A new upper bound is then
developed using the largest real part of the eigenvalues
of this function. This hew bound is closely related to the
individual upper bounds for subsystems and implies each
of the two general upper bounds when the system is viewed
as one of two suitable interconnections. These entropy
bounds all depend only on upper or lower limits of the
Jacobian matrix along trajectories.

Index Terms—Interconnected systems, nonlinear sys-
tems, time varying systems, topological entropy.

[. INTRODUCTION

N systems theory, topological entropy characterizes the rate

at which information is generated in deterministic systems,
captured by the increase in distinguishable behaviors at finite
resolution, or by the complexity growth of a system acting on a
set with finite measure. Adler et al. [1] introduced the concept
of topological entropy as an extension of Kolmogorov’s metric
entropy [2], quantifying the exponential growth rate of the
minimal number of sets in iterated open-cover refinements.
An alternative definition, formulated in terms of the maximal
number of separated trajectories over finite time horizons,
was proposed by Dinaburg [3] and independently by Bowen
[4]. The equivalence between these two formulations was
established in [5]. The variational principle, which identifies
topological entropy as the supremum of metric entropy over
invariant measures, was established through the combined
works of Dinaburg [3], [6], Goodman [7], and Goodwyn [8].
For a comprehensive introduction to topological entropy, see,
e.g., [9], [10] and the references therein.

Most existing results on topological entropy focus on time-
invariant systems, as time-varying dynamics introduce ad-
ditional complexities that require new analytical methods.
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Kolyada and Snoha [11] defined topological entropy for
discrete-time systems modeled by a sequence of selfmaps on
a compact topological space, and established basic properties
which strengthen under assumptions such as equicontinuity
or uniform convergence. Their definition and results were
extended to time-varying maps defined on a sequence of
compact metric spaces in [12]. A variational principle based
on this extended definition of topological entropy and a time-
varying notion of metric entropy was established in [13]. In
the continuous-time setting, an upper bound on the topological
entropy of a time-varying system on a compact invariant set
was derived via the direct Lyapunov method in [14].

Topological entropy notions play a fundamental role in
control theory, where feedback depends on the flow of in-
formation between sensors and actuators. Nair et al. [15]
introduced topological feedback entropy for discrete-time sys-
tems, building on the cover-refinement framework of [1]. Their
definition extends classical topological entropy to quantify
the exponential growth rate of control complexity required
to ensure set invariance and stabilization. For continuous-
time systems, Colonius and Kawan [16] proposed invariance
entropy, which is more closely aligned with the trajectory-
counting formulation of [3], [4]. The equivalence between
topological feedback entropy and invariance entropy was es-
tablished in [17]. Suitable entropy notions have also been
developed for exponential stabilization [18], state estimation
[19]-[21], and model detection [21].

Topological entropy is closely linked to data-rate require-
ments for control. For continuous-time linear time-invariant
systems, the minimal data rate for feedback stabilization is
given by the sum of the positive real parts of the eigenvalues
of the system matrix [22]; in the discrete-time case, it is the
sum of their logarithms [22]-[24]. This quantity coincides
with the topological entropy of the open-loop system [4].
While this connection has also been extensively studied for
nonlinear time-invariant systems (e.g., [15], [16], [18], [25]),
its counterpart for time-varying dynamics remains largely
unexplored, except in certain cases such as switched systems,
discussed below.

In systems and control, a common paradigm is to decom-
pose a complex system into an interconnection of simpler
subsystems and derive system-level properties from those of
the components. Entropy-based approaches have also been
applied in this context, particularly for discrete-time systems.
The invariance entropy of a network of control systems was
related to the entropy of its subsystems and associated data



rates in [26]. Observability rates for networked systems were
linked to topological entropy and auxiliary constructs such
as storage functions and supply rates derived from subsys-
tem linearization in [27]. Invariance feedback entropy for a
network of uncertain systems was investigated in [28]. In the
continuous-time setting, an upper bound on the topological
entropy of interconnected systems was derived in [29], which
can be viewed as a prototype for some of the results in the
present paper. However, much remains to be understood about
when and how explicit bounds on the topological entropy of an
interconnected nonlinear time-varying system can be deduced
from those of its subsystems.

Topological entropy and data-rate requirements for control
have been studied for switched systems, an important class
of time-varying systems. Sufficient data rates for feedback
stabilization of switched linear systems were established in
[30], [31]. Similar data-rate conditions were derived in [32] by
extending a notion of estimation entropy from [21]. Formulae
and bounds on the topological entropy of continuous-time
switched linear systems were derived in [33]-[35], with their
relationship to stability conditions analyzed in [35], [36]. In
an extension to switched nonlinear and interconnected systems
[37], bounds on entropy were constructed using upper or
lower limits of the matrix measure or the trace of the system
Jacobian. These quantities also appear in the bounds developed
in the present paper. For discrete-time switched linear systems,
the topological entropy under worst-case switching sequences
was studied using the joint spectral radius in [38], and the
connection between estimation entropy, Lyapunov exponents,
and average data rate was examined under suitable regularity
conditions in [39].

The main objective of this paper is to establish upper
and lower bounds on the topological entropy of general and
interconnected nonlinear time-varying systems. We introduce
the definition of topological entropy in Section II and examine
its dependence on the initial time and the set of initial states.
We show that changing the initial time does not affect the
entropy if the system is reinitialized from the corresponding
reachable set, but it may differ if initialized from the original
initial set. In Section III, we present two general upper bounds
on the entropy of nonlinear time-varying systems. One upper
bound is constructed using the matrix measure of the system
Jacobian, while the other is based on the largest real part of the
eigenvalues of the Jacobian matrix with off-diagonal entries
replaced by their absolute values. A general lower bound
is also constructed using the trace of the Jacobian matrix.
Moreover, we specialize these results to linear time-varying
systems and provide examples illustrating that neither upper
bound is uniformly tighter than the other.

In Section IV, we consider the interconnected case and first
derive an upper bound on entropy by adapting one of the gen-
eral upper bounds from Section III, using the matrix measure
of an interconnection matrix function. We then develop a new
upper bound based on the largest real part of the eigenvalues
of this function. Notably, this new bound is closely related
to the individual upper bounds for subsystems. Moreover, it
implies each of the two general upper bounds from Section III
when the system is viewed as an interconnection composed of

either a single subsystem or scalar subsystems. These entropy
bounds all depend only on the values of the Jacobian matrix
over the w-limit set or its convex variations.

In Section V, we provide additional upper bounds on
entropy for both general and interconnected systems, along
with a remark on constructing analytically more tractable but
potentially less tight bounds. The proofs of the main results
are presented in Section VI, following preliminary lemmas
including a key componentwise bound on the separation
between trajectories for interconnected systems. Section VII
concludes the paper with a brief summary and remarks on
future research directions.

Notations: For vectors v; € R™,... v, € R"™, let
(V1,..., V) € RMT 1 denote their concatenation. Let
tr(A) denote the trace of a matrix A € R"*™. For a Metzler
matrix M (i.e., a matrix with nonnegative off-diagonal entries),
let Amax (M) denote its eigenvalue with the largest real part;
then Apax(M) € R (see, e.g., [40, Th. 9.4, p. 129]). Let #FE
denote the cardinality of a finite set E. For a set S C R", let
vol(S) and co(S) denote its volume (Lebesgue measure) and
convex hull, respectively. For a vector v = (v1,...,v,) € R™,
let |v|oo = maxi<;<y, |v;| denote its co-norm. For a matrix
A = [ay] € RV, let [|Alloe = maxi<i<n 3.0 |ag]
denote its induced oo-norm. By default, all logarithms are
natural logarithms (to avoid an extra multiplicative factor In 2
in entropy computations).

Il. PRELIMINARIES

Consider a continuous-time nonlinear time-varying dynam-
ical system
r=f (t7 .%’),
where x € R"™ is the state and 5 € R is the initial time.
Assume that f (¢, x) is piecewise continuous in ¢, continuously
differentiable in x, and that (1) is forward complete. Let
&(t,tg,x) denote the solution of (1) at time ¢ with initial
state = at time to. Under these assumptions, &(¢,%g,x) is
unique, continuously differentiable in z, absolutely continuous
in t, and satisfies (1) away from discontinuities of f(t,x)
in t. Moreover, its Jacobian matrix J &(¢, o, ) is absolutely
continuous and piecewise continuously differentiable in ¢ (see,
e.g., [41, Th. 7, p. 24]). For brevity, we write

sz(t,l)) = Jrf(ta I)| ng(tath 1}) = ng(tvt()ax”w:v

for the Jacobian matrices of f (¢, z) and (¢, tg, ) with respect
to x evaluated at x = v, respectively.

t > to, (D

z=v’

A. Entropy definition

We define the topological entropy of the nonlinear time-
varying system (1) with initial states drawn from a compact
set K C R™ with nonempty interior, referred to as the initial
set. Let | - | be a norm on R", and | - || the corresponding
induced norm on IR™*". Given a time horizon 7" > 0 and a
radius € > 0, define the following open ball in R™ centered
at x:

By (x,e,T)
= {x e R™:

max
tEfto,to+T]

|§(t,t0,.’f) — f(t,to,l‘)l < E}. 2)
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A subset £ C K is said to be (T, &)-spanning (for the initial
set K at initial time tg) if

K C U Bf,to('raE:vT)? (3)
zeE

that is, for every & € K, there exists x € FE such that
|€(t,t0,.f) - f(t,to,xﬂ < ¢ for all t € [to,to + T] Let
S(f,to,e, T,K) > 1 denote the minimal cardinality of a
(T, e)-spanning set; equivalently, it is the cardinality of a
minimal (7, ¢)-spanning set. This function is nondecreasing
in T' and nonincreasing in €. The fopological entropy of the
system (1) with initial set K at initial time ¢y is defined in
terms of the exponential growth rate of S(f,to,e,T, K):

h(f, to, K) := lim1imsupllogS(f,t0,5,T,K). 4
eNO Too T

For brevity, we occasionally refer to h(f,to, K) simply as the
(topological) entropy of (1).

Remark 1. By the equivalence of norms on finite-dimensional
vector spaces, the value of h(f, ¢y, K) independent of the
choice of norm |- | on R™. In particular, it is invariant under
a change of basis. More generally, topological entropy can be
defined on a metric space (X, d) rather than the normed space
(R™,|-|), in which case its value may depend on the chosen
metric. However, if the initial set is contained in a compact
positively invariant set, the topological entropy is a topological
invariant. See [9, Prop. 3.1.2, p. 109] [12, p. 165], and [16,
p- 1703] for further discussion.

An equivalent definition can be formulated using the max-
imal cardinality of a (7, ¢)-separated set, which is a subset
E C K such that for all distinct x,z € FE, there exists
t € [to,to + T] with |E(t,t0,T) — &(E,to,x)] > €. This
alternative formulation is standard but omitted here, as it is
not used in this paper. See [37] for a version of this definition
applied to switched nonlinear systems.

In the special case where (1) is time-invariant, we adopt the
convention ty = 0, that is, we consider the nonlinear time-
invariant system

&= f(x),

with a continuously differentiable function f : R™ — R"™. For
brevity, when discussing time-invariant systems, we omit g
from the entropy-related notations introduced above.

t>0 &)

B. Initial set and initial time

We examine how the topological entropy h(f,to, K) of the
nonlinear time-varying system (1) depends on the choice of
initial set K and initial time f;. We begin with a lemma
characterizing entropy over a finite cover of K. The proof
is analogous to that of [9, Prop. 3.1.7, p. 111] and is omitted.

Lemma 1. Let K;,...,Ky C K form a finite cover of the
initial set K, that is, K = U1<l<k K, where each K is a
compact set with nonempty interior. The topological entropy
of the system (1) satisfies

K)= Ky).
h(fa th ) 1r£lagxk h(f7 t07 l)

Let &(t,to, K) := {&(t,to,z) : « € K} denote the
reachable set at time t of solutions starting from the set K
at time to. By definition, {(to,to, ) = K. The dependence
of the entropy h(f,to,K) on the initial time t; raises the
following question: for a new initial time ¢;, should K be
interpreted as the reachable set at £y or at ¢;? In the former
case, the entropy remains unchanged, as stated in the following
lemma. The proof is provided in Appendix I-A.

Lemma 2. The topological entropy of the system (1) satisfies
h(f7t07K) :h(fatlag(tl7t07K)) vtl ZtO (6)

Similar time-varying results for discrete-time systems with
equicontinuous functions and for continuous-time systems on
compact invariant sets appeared in [13, Prop. 2.1] and [14,
Lemma 2.8], respectively. Both results build on the definition
and properties of topological entropy developed in [11], [12].

However, the entropy of (1) may differ for different initial
sets or for the same initial set at different initial times, as illus-
trated in the following example. The first case is demonstrated
for the nonlinear time-invariant system (5), which is a special
case of (1).

Example 1. Consider the function g : R — R defined by

0, Tz < -1,
g@):=4V3—B—-(x+1)2, —-1<2<1/2,
V3, x> 1/2.

1) (Different initial sets.) Consider the nonlinear time-
invariant system (5) with f(x) = g(z). For an initial
set K1 C (—o0,—1), we have h(g,K;) = 0. For an
initial set K> C (1,00), we have h(g, K3) = v/3.

2) (The same initial set at different initial times.) Consider
the nonlinear time-varying system (1) with

glz+4), t<0,
ity = 4 00
9(@), t=0,
and fix the initial set K := [—3, —2]. For an initial time

to > 0, we have h(f,to,K) = h(g,K) = 0. For an

initial time ¢; < —1, the solution satisfies {(t,t1,z) =

eV3(t=t1) (2 4 4) — 4 for t € [t1,0) and = € K. Hence,

the reachable set at ¢ = 0 is the interval £(0,¢;, K) =

[e=V3t1 — 4,2¢~V31 — 4] C (1,00). By (6), we have

il}fv tlv K) = h(f70>£(07tla K)) = h(gag(oatla K)) =
3.

Consider the special case where (1) is a linear time-varying
(LTV) system

i=Ab)z, t>t 7)

with a piecewise-continuous matrix-valued function 4 : R —
R™*™, The following lemma extends [35, Prop. 2] from
switched linear systems to general LTV systems.

Lemma 3. The topological entropy of the LTV system (7) is
independent of the choices of initial set and initial time.

Proof. Independence from the initial set follows from ar-
guments analogous to those in the proof of [35, Prop. 2].
Independence from the initial time then follows from (6). [



In light of Lemma 3, we omit the initial set K and initial
time to and let h(A) denote the entropy of the LTV system
(D.

I1l. ENTROPY OF NONLINEAR TIME-VARYING SYSTEMS

In this section, we present upper and lower bounds on the
topological entropy of the nonlinear time-varying system (1).
We begin by recalling the notion of matrix measure, which
will be used to construct upper bounds.

Given an induced norm || - || on R™*™, the matrix measure
(or logarithmic norm) of a matrix A € R"™*", denoted by
w(A), is the right-sided directional derivative of the norm at
the identity matrix [ in the direction of A, and is defined by

u(A) == lim w

NG t
As shown in [42, Th. 2.2.16, p. 22], the matrix measure
satisfies

—p(~A) SRe(N) < p(A) < |4 VAR, (@®)

for any eigenvalue A of A, where Re(\) denotes its real part.
Moreover,

A+ B) < u(A) +pu(B),  p(cA) =cu(A)

for all A, B € R™*™ and ¢ > 0. In particular, p(-) is a convex
function. For standard induced norms, explicit expressions for
1(A) are available. For example, for the induced oo-norm, the
matrix measure of A = [a;;] € R"*" is

aii + ) |ag;|

J#i
See [42, Sec. 2.2.2] and [43, Fact 11.15.7, p. 690] for further
properties of the matrix measure.

The following theorem provides upper and lower bounds on
the entropy of the system (1). The proof, which partly builds
on results for interconnected systems in the next section, is
given in Section VI-D.

max
1<i<n

n(A) =

Theorem 1. The topological entropy of the system (1) is upper
bounded by

W(f to, K) < nmax{i, 0} ©)
with
p=limsup  max (L f(t0)), (10)
and lower bounded by
h(f, to, K) > max{x, 0} (11)
with
X :=liminf min tr(J, f (¢, v)). (12)

t—=00 wek(t,to,K)

The upper and lower limits in (10) and (12) have useful
implications for the bounds on entropy. The upper bound
in (9) depends only on the matrix measure of the Jacobian
J, f(t,x) over the convex hull of the w-limit set of solutions
starting from the initial set K. Similarly, the lower bound
in (11) depends only on the trace of J f(¢,z) over the
w-limit set. These formulations allow flexibility in deriving

tighter or analytically more tractable bounds, depending on
the complexity of characterizing the w-limit set or its convex
hull. See Remark 2 in Section V for further discussion.

As a preview of results for interconnected systems, we
provide an alternative upper bound on the entropy of (1) that
involves neither an induced norm || - || nor a matrix measure
w(-). The proof is given in Section VI-D. This bound is
obtained by viewing (1) as n interconnected scalar subsystems.
For each ¢ € {1,...,n}, let x; and f;(¢t,x) denote the i-th
scalar components of the state = and the function f(¢,x) in
(1), respectively.

Proposition 1. Suppose the function f(t,z) in (1) admits a
Metzler matrix A = [a,;] € R"™™ such that
a;; > limsup max

(9 - Ji t,U 9
t—oco vEco(&(t,to,K)) Ilf( )

13)
o 02, £:(E0)

a;; > limsup max
t—oo  vEco(§(t,to,
foralli,j e {l,...,n} such that i # j. Then the topological
entropy of the system (1) is upper bounded by

h(f,to, K) < nmax{Amax(A), o}. (14)

Comparing the upper bounds on entropy in Theorem 1 and
Proposition 1, we observe that the bound in (9) holds for
all induced norms and the corresponding matrix measures,
whereas the bound in (14) does not involve either. Both bounds
are useful, as neither is uniformly tighter than the other. On
the one hand, by the second inequality in (8), the bound in
(14) is tighter when, for example, (1) is a linear time-invariant
(LTI) system
t>0

i = A, (15)

with a constant Metzler matrix A € R"*"™. On the other hand,
the bound in (9) may be tighter due to the entrywise upper
limits in (13), as illustrated in Example 2 below. Additional
upper bounds on the entropy of (1) are given in Section V.

A. Entropy of LTV systems

We now specialize the bounds on entropy from Theorem 1
and Proposition 1 to the LTV system (7).

Corollary 1. The topological entropy of the LTV system (7)
is upper bounded by

h(A) < nmax{limsupﬂ(A(t)), O} (16)

t—o0

and lower bounded by
h(A) > max{htrglor.}f tr(A(t)), O}.

Moreover, suppose the matrix-valued function At) =
[a;j(t)] € R™*™ in (7) admits a Metzler matrix A = [a;;] €
R™ ™ such that

Gi; > limsup ag;(t), G;; > limsup |a;; ()] a7

t—00 t—o0
Sforall i,5 € {1,...,n} such that i # j. Then the topological
entropy of (7) is upper bounded by

h(A) < nmaX{AIIIaX(A), o}. (18)
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As discussed following Proposition 1, the upper bounds in
(16) and (18) are both useful, since neither is uniformly tighter.
The bound in (18) is tighter when the matrix-valued function
A(t) in (7) is a constant Metzler matrix, whereas the bound
in (16) is tighter in the following example.

Example 2. Let

10 01
Sl T T
Consider the LTV system (7) with A(t) = Ajsin(t) +

As cos(t), and let p(-) be the matrix measure defined using
the induced oo-norm || - || Then

1(A(t)) = max{sin(t) + |cos(t)|, |sin(t)] + cos(t)},

and thus limsup,_, . 1(A(t)) = /2. Hence, the upper bound
in (16), or equivalently (9), yields h(A) < 2v/2. On the
other hand, for all matrices A satisfying (17), we have
dll,&12,&21,d22 > 1, and thus

)\max(A) = (G11 + d22)/2 + \/&12d21 + (611 — a22)?/4 > 2.

Hence, the upper bound in (18), or equivalently (14), yields
h(A) < 4. Therefore, the bound in (16) or (9) is tighter than
that in (18) or (14) for this example.

IV. ENTROPY OF INTERCONNECTED SYSTEMS

In this section, we consider the case where the nonlinear
time-varying system (1) is composed of m > 2 interconnected
subsystems. For each i € {1,...,m}, let ; € R™ denote the
state of the i-th subsystem, and let f;(¢t,2) € R™ denote
the corresponding component function of f(¢,x) in (1). Then
ni+---+n,, = n, and (1) can be written as the interconnected
nonlinear time-varying system

j;‘i = fi(t,l‘l, .

The overall state and system function are given by x =

(x1,...,2m) and f(t,z) = (fi1(t,x),..., fm(t,z)), respec-
tively. For brevity, we write

Jo, filt,v) =y fi(t,x)|

r=v

,Tm), > to, ie{l,...,m}. (19

for the Jacobian matrix of f;(¢,x) with respect to z; evaluated
at x = v.

We first derive an upper bound on the topological entropy of
the interconnected system (19) by adapting the upper bound in
Theorem 1 for the general system (1), using only information
captured by an interconnection matrix function. Following
[44], we assume that the following norms are given:

1) for each i € {1,...,m}, a “local” norm | - |; on R™,

and

2) a “network” norm |- |y on R™ that is monotone: for all

nonnegative vectors v, w € RY,,

v>w = |v|n > |w|N.
In particular, all p-norms with p > 1 are monotone.'

Inequalities between vectors or matrices are interpreted entrywise (e.g.,
A > 0 means that A is a nonnegative matrix).

For a vector v = (v1, ..., 0,,) € R™ with v; € R, we define
the “global” norm | - | by

ola = [([oalys - [omfm) - (20)

As | - |n is monotone, one can verify that | - | satisfies the
triangle inequality and is indeed a norm. Let || - - |In, and
|l - |lc denote the corresponding induced norms on R™i*™i,
R™*™  and R™*™, respectively, and let p;(-), un(-), and
i (-) denote the corresponding matrix measures. We also

Qs

define the corresponding mixed induced norms || - ||;; on
R X7y by
Al = max 4ok, € {L,...m).
=

As | - |n is monotone, the induced norm || - ||x satisfies a
monotonicity property for nonnegative matrices. Moreover, the
induced norm of matrix exponential and the matrix measure
un(+) also satisfy monotonicity properties for Metzler matri-
ces, as stated in the following lemma.

Lemma 4. 1) For all nonnegative matrices A,B €
RZ™, we have

Az B = ||Alx > |Blx. @
2) For all Metzler matrices A, B € R™>*™, we have
A>B = |et|n = [leP], (22)
and
A>B = un(A) > un(B). (23)

Proof. The implications in (21) and (23) are established in [37,
Lemma 2]. To prove (22), let A and B be Metzler matrices
with A > B. Then there exists a sufficiently large integer
ko > 0 such that, for all integers k > ko, we have [ + A/k >
I+ B/k > 0 and thus (I + A/k)* > (I + B/k)* > 0.
Therefore, by the definition e := limy_,oo (1 + A/k)*, we
have e > ¢ > 0, and (22) follows from (21). O

Consider the interconnection matrix function An(t,x) =
[aij(t,z)] € R™*™ defined by

aii(t, @) == pi( Ly, fi(t, ), aij(t, @) == ([, fit, 2)]lij (24)

for i,5 € {1,...,n} such that i # j. By adapting the upper
bound in (9) on the entropy of the general system (1) to the
interconnected system (19), we obtain the following result.

Corollary 2. The topological entropy of the interconnected
system (19) is upper bounded by

h(f, to, K) < nmax{/iy, 0} (25)

with

pn (An(t,v)). (26)

iy := limsu max

N TRE vecoleltoto. k)
Proof. The upper bound in (25) follows from the general upper
bound in (9), as the constant f defined in (10) using the
“global” matrix measure uc(-) satisfies i < fiy, which can
be shown using Lemma 5 below. O



Lemma 5 ( [44, Th. 2]). For a block matrix A = [A;j] €
R™ ™ with A;; € R™*™ for i,5 € {1,...,m}, suppose
there exists a matrix Ax = [a;;] € R™*™ such that

aii > pi(Ai), aij > ||Aglliy, Vi, je{l,...,m}:i#j.

Then
pa(A) < pn(An).

We now present a new upper bound on the entropy of
the interconnected time-varying system (19), obtained by
extending a result for interconnected time-invariant systems
from [29]. The proof is provided in Section VI-C, following
some preliminary lemmas in Sections VI-A and VI-B.

Theorem 2. Consider the interconnection matrix function

An(t, x) = [ai;(t, )] € R™*™ defined in (24). Suppose there
exists a Metzler matrix Ay = [a;;] € R™*™ such that

Vi, je{l,...,m}.

(27
Then the topological entropy of the interconnected system (19)
is upper bounded by

a;; > limsup max

a;i(t,v
DI ottt iy )

B(fto ) < nmax{ Amax (Ay), 0} (28)
The upper bounds on entropy in Corollary 2 and The-
orem 2 both depend only on the values of the Jacobian
matrix J, f(t,x) over the convex hull of the w-limit set of
solutions starting from the initial set K, as reflected in the
upper limits in (26) and (27). Theorem 2 extends [29, Th. 1]
by accommodating time-varying dynamics and by avoiding
maximization over all states or even all reachable states.

The bounds in (25) and (28) are both constructed using
the interconnection matrix function Ax(t,z) defined in (24).
Furthermore, they both hold for all “local” norms and the
corresponding matrix measures. The bound in (25) also holds
for all monotone ‘“network” norms and the corresponding
matrix measures, whereas the bound in (28) does not involve
either. Both bounds are useful, as neither is uniformly tighter.
On the one hand, by the second inequality in (8), the bound in
(28) is tighter when, for example, the interconnection matrix
function An(¢,x) defined in (24) is constant. On the other
hand, the bound in (25) may be tighter due to the entrywise
upper limits in (27). This is illustrated by Example 2 in
Section III-A, where the LTV system can be viewed as an
interconnected system (19) with m = 2 and n; = ngy = 1.
Additional upper bounds on the entropy of (19) are presented
in Section V.

By comparing (27) and the definition of interconnection
matrix function (24) to (10), we observe that each diagonal
entry a,; of AN in the overall bound in (28) coincides with
[ in the bound in (9) for the ¢-th subsystem. As a result,
for systems with a cascade (i.e., triangular) interconnection,
the overall bound in (28) reduces to the maximum among the
applications of the bound in (9) to each individual subsystem,
normalized by the corresponding dimensions.

V. ADDITIONAL UPPER BOUNDS ON ENTROPY

In this section, we present alternative upper bounds on the
topological entropy of general and interconnected nonlinear
time-varying systems.

We begin by providing an upper bound on the entropy of
the general system (1), followed by one for the interconnected
system (19). Sketches of the proofs are given in Appendix II.

Proposition 2. The topological entropy of the system (1) is
upper bounded by

h(f, to, K) < nmax{i*, 0} (29)

with

~x

. (T, f(t,E(E 1, 0)).

(30)

inf limsup max
t1>to t—oo wvEco(€(t1,t0,K))

The upper bound in (29) depends only on the values of
the Jacobian matrix J_ f(¢, z) over the w-limit set of solutions
starting from the convex hull of the reachable set £(t1, o, K),
for an arbitrary t; > ty, as reflected in the infimum and
upper limit in (30). As a result, it is tighter than the upper
bound in (9) if there exists t; > to such that £(¢q,t0, K) is
convex. Moreover, (29) holds for all induced norms and the
corresponding matrix measures.

Proposition 3. Consider the interconnection matrix function
An(t,x) = [ai;(t, x)] € R™*™ defined in (24). Suppose there
exists a Metzler matrix Ay = [aj;] € R™*™ such that

a;; > inf sup 31

max a;i(t, &, t1,v
T Tt >t0 4>, vECco(E(tr 0, K) i (6t 1, v))

Sforalli,j € {1,...,m}. Then the topological entropy of the
interconnected system (19) is upper bounded by

h(f,to, K) < nmax{Amax(Ax), 0}. (32)

The upper bound in (32) depends only on the values of the
Jacobian matrix J, f(¢,x) along solutions starting from the
convex hull of the reachable set £(t1,to, K), for an arbitrary
t1 > to, as reflected in the infimum and supremum in (31).
The supremum over ¢ > t;, rather than the upper limit as
t — oo, is used in (31) due to differences in the application
of variational arguments and the use of the maximum over
[to,t] in Lemma 11 (see Appendix II). Moreover, (32) holds
for all “local” norms and the corresponding matrix measures,
and does not involve the “network” norm or the corresponding
matrix measure.

We obtain another upper bound on the entropy of the general
system (1) by viewing it as an interconnected system (19)
composed of n scalar subsystems and applying Proposition 3,
similarly to the derivation of Proposition 1 from Theorem 2.

Corollary 3. Suppose the function f(t,x) in (1) admits a
Metzler matrix A* = [a;;] € R™*" such that

8x,fl(t7 £(t7 t17 U)),
|am’j f’L(t7 g(ta tlv ’U))|

a. >

1 —

inf sup max
t12to t>¢, vEco(§(t1,t0,K)) (33)
(ifj > inf sup max
t12to ¢>¢, vEco(§(t1,t0,K))
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for all i,5 € {1,...,n} s.t. i # j. Then the topological
entropy of the system (1) is upper bounded by

h(f,to, K) < nmax{)\max(ﬂ*), 0}. (34)

We obtain another upper bound on the entropy of the
interconnected system (19) by applying Proposition 2 together
with Lemma 5, similarly to the derivation of Corollary 2 from
Theorem 1.

Corollary 4. The topological entropy of the interconnected
system (19) is upper bounded by

h(f, to, K) < nmax{/iy, 0} (335)
with
MN(AN(tvg(t,tlav)))a

(36)
where the interconnection matrix function Ax(t, ) is defined
in (24).

fy := inf limsup max
t12to t—oo vEcO(&(t1,t0,K))

Remark 2. In many scenarios, one can derive bounds on
topological entropy that are analytically more tractable but
potentially less tight than those in Theorems 1 and 2 and
Propositions 2 and 3. For example, consider a set S C R”
such that one of the following conditions holds:
1) S=R"
2) S is compact and contains the convex hull of the w-limit
set of solutions starting from the initial set K’; or
3) S is compact, positively invariant, and contains the
convex hull of the reachable set £(¢1,tp, K) for some
t1 > to (e.g., co(K) C S).
In this case, the bounds on entropy can be simplified by
bounding relevant quantities over the set S. Suppose there
exists a constant % such that 4% > p(J, f(t,v)) forallv € S
and all sufficiently large ¢t > 4. Then the upper bound in (9) on
the entropy of the system (1) remains valid with i replacing
i1 Similar substitutions apply to all upper and lower bounds
on entropy presented in this paper.

VI. PROOFS OF MAIN RESULTS

In this section, we present the proofs of the main results,
following some necessary preliminary lemmas.

A. Bounds on the separation between trajectories and
the volume of the reachable set

We begin by introducing a componentwise upper bound
on the separation between trajectories for the interconnected
system (19), which will be used to derive the upper bound on
entropy in Theorem 2. For each i € {1,...,m}, let &(t, t, )
denote the solution of the i-th subsystem of (19) at time ¢ with
initial state x at time ty. The overall solution of (19) is then

given by f(tﬂfoax) = (gl(tvto,x)v cee 7§m(t7t07x))'

Lemma 6. Consider the interconnection matrix function
An(t,z) = [a;i(t,x)] € R™ ™ defined in (24), and
the matrix-valued function Ay (t,to, K) = [a;;(t,to, K)] €
R™*™ defined by

a;;(t,to, K) := max max 37

a;i(s,v
s€[to,t] vECO(£(s.t0,K)) i(:0)

for i,5 € A{l,...,m}. For all initial states v =
(1, Tm), T = (T1,...,T) € K with z;,%; € R™ for
all i, the solutions of the interconnected system (19) satisfy

gl(tathf) - gl(tathI)h

|£m(t7t07j) - fm(t7t0,$)‘m
|1 — 1)1

< eAn (t:to, K) (t—to) Vi >ty (38)

|i‘m - xm|m

Lemma 6 extends [45, Prop. 1] by introducing the time-
varying matrix-valued function Ay(t,to, K) in place of a
constant matrix. This generalization is essential for deriving
the upper bound on entropy in Theorem 2. The proof, provided
in Appendix I-B, is inspired by the variational construction in
the proof of [45, Prop. 1], which in turn builds on earlier work
such as [46, Th. 1] and [47, Th. 4.2].

We next present a lower bound on the volume of the
reachable set for the general system (1), which will be used to
derive the lower bound on entropy in Theorem 1. The proof
is provided in Appendix I-C.

Lemma 7. The reachable set of solutions of the system (1)
starting from K satisfies

vol(£(t, to, K)) > Y B0 vol(K) Vi > tg (39)

with
t
v(t,tg) := min/ tr(J, f(s,&(s,t0,v))) ds.
veK to

B. Universal spanning sets

Given a time horizon 7" > 0 and a radius € > 0, we provide
a universal formulation of (7, ¢)-spanning sets by extending
a notion of grid from [35]. Recall that the initial set K is a
compact set with nonempty interior. Then there exists a closed
hypercube B of radius r > 0 such that K C B. For a vector
0 = (01,...,0,) € RRZ,, which may depend on 7' and ¢,
define the following grid in K centered at an arbitrary & € K:

G(0) = {2+ (k161,...,knbn) € K 1 ky,...,k, € Z}. (40)
The cardinality of G(6) is upper bounded by

s3] +)

For each z = (z1,...,2,) € G(0), let R(z) denote the
open hyperrectangle in R™ centered at = with side lengths
204, ...,20,, that is,

R(z) = {(@1, .
|i‘1 —l‘1| < b4,...

., Tn) €ER™:
Tn — xn| < On}. (41)

Then
Kc |J R@).
zeG(0)
By comparing the hyperrectangle R(z) to the open ball
By i, (x,e,T) defined in (2), we obtain the following lemma.
The proof is provided in Appendix I-D.



Lemma 8. If the vector 0 is selected so that

(R(x) N K) C By, (z,e,T) Ve G(9), (42)

then the grid G(0) is a (T, €)-spanning set. Moreover, if (42)
holds for all T > 0 and € > 0, and

log 6;

lim sup lim sup <0 Vie{l,...,n}, (43)

eN0 T—r 00
then the topological entropy of the system (1) is upper bounded
by

log(1 / 0;)

h(f,to, K) < hmsuphmsupz
N0 T—o0 im1

(44)

Lemma 8 extends the results on spanning sets and upper
bounds on entropy from [35, Lemma 2] and [37, Lemma 2.3],
from switched linear and nonlinear systems, respectively, to
general nonlinear time-varying systems. Similar extensions of
their results on separated sets and lower bounds on entropy are
possible but omitted here, as they are not used in this paper.
Note that the condition (43) holds if all 6; are nonincreasing
in T.

C. Proof of Theorem 2

We begin by deriving an intermediate upper bound on
entropy.

Lemma 9. The topological entropy of the interconnected
system (19) is upper bounded by

h’(f7 th K

max

lo eAN(t-,th)(f—to) ,
e log [ N

(45)
where the matrix-valued function Ay (t,ty, K) is defined in
37).

. n
) < limsup —
T—ro00

Proof. Consider arbitrary initial states z = (z1,...,%y),T =
(Z1,...,Tm) € K with z;,%; € R™ for all 7. By applying
the componentwise separation bound in (38), together with the
definition of the “global” norm | - |g in (20), and using the
monotonicity of the “network” norm | - |n, we obtain

|§(t7t07j) - g(tvthx”G
|£1<t7 th j) - £I(t7 th x)'l
|§m(t7t07‘f) _fm(t7t07.’17)‘m N
|Z1 — 21]1
S eAN(t>tO’K)(t7t0)
|fm - xm‘m N
|1 — 21]1
< ||eAN(t-,to,K)(t*to)HN
|jm - xm‘m N

for all ¢t > ty,. By the equivalence of norms on

finite-dimensional vector spaces, there exist constants
T1,---,Tm, "N > 0 such that
|Ui‘i§ri|vi|oo ViE{l,...,m}, ’UiERni

for the “local” norms | - |;, and
[vIn < rNjv]oo Yo eR™.

for the “network” norm | - |x. Consequently,

|£(t,t07j) - 5(t7t07‘r)|G
< ||eAn @t KOE=t0) || g max |7 — 24
1<i<m
< [leAn @t KO E—t0) ||y max 7| — @4 so
1<i<m

for all ¢ > ty. Therefore, for arbitrary 7' > 0 and € > 0, we
have

‘€(t7 th i.)

max
te(to,to+T)

- §(t7t03 $)|G

< max( max |eAN(t’tO’K)(t_tO)||N>7“N7“i|xi—wioo-
1<i<m \ t€[to,to+T)

_Consider the grid G/(6) defined in (40) with the vector 6 =
(011,,,...,0,1,, ) € R2,, where

g; = 5/ (’I“N’I“i max ||eAN(t’t°’K)(t_t0)N)
te[to,t0+T]

fori € {1,...,m}, and 1,,, denotes the vector of ones in R™:.
By comparing the corresponding hyperrectangles R(x) defined
in (41) to the open balls By, (x,e,T) defined in (2) with the
“global” norm | - |, we obtain (R(z) N K) C By, (x,e,T)
for all x € G(6). Then Lemma 8 implies that G(6) is a
(T, e)-spanning set. Moreover, the upper bound on entropy
in (44) holds as 7' > 0 and € > 0 are arbitrary and all 0; are
nonincreasing in 7'. Therefore,

ilog(1/6
h(f,to, K) < limsup llmsupz %

N0 Tooo T
= limsup max log ||eAn(blo-F)E=to) || o
msu Z o log]|e? ||
4+ lim lim —,
eNO0T—o0 T

where C' := Y " n;log(rnr;/e) is independent of T' and
thus satisfies C/T — 0as T — c0. As ny + -+ +n,, = n,
we conclude that the entropy h(f,to, K) satisfies the upper
bound in (45). O

We now establish the upper bound on entropy in (28).

Proof of Theorem 2. The upper limit in (27) implies that, for
each d; > 0, there exists a sufficiently large ¢; > t( such that

su max aij(t,v) <a,;, +01 Vi,je{l,...,m}.
b, veco(E(tto,K) (1) < g 400 Jet )
As &(t,to, K) = &(t, t1,&(t1, o, K)), the matrix-valued func-

tion AN (t, to,
‘AN (ta t17 g(tla tOu

where 1 denotes the matrix of ones in R™*™.
By Lemma 2, we have h(f,to, K) = h(f,t1,&(t1, to, K)).
Then applying Lemma 9 with the new initial time ¢; yields

h(f,t1,&(t1,t0, K))

) n
<limsup — max
Tsoo 1 t€fts,t1+T)

K) defined in (37) satisfies

K) <Ay 401 Vt>ty,

log HeAN(t7t1vf(thth))(t—f/l) HN
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Moreover, as AN(t,tl,f(tl,to,K)) and AN 4+ ;1 are both
Metzler matrices, the monotonicity property in (22) implies
that

”eAN(t,tl,g(tl,to,K))(t—tl)”N < ||6(AN+611)(t—t1)||N
< ”eAN(t—h)HN”eéll(t—tl)”N
< ||6AN(t_t1)HNe‘Slul”N(t_tl)

for all ¢ > t;. Therefore,

h‘(f7t07K)
n
<limsup - max (logHe NE |4 01 1IN (E = t1))
T—oo L te€ftr,t1+T]

< hmbup— max log||eANt||N + nd1]|1]|x-
T— o0 TtG[O T]

As 61 > 0 is arbitrary, we have

h(f7 t07

K) < hmwpftgfa)%] log HeA tlln-

T— o0
According to [43, Fact 11.15.7, p. 690], as AN is a Metzler
matrix, its eigenvalue with the largest real part Apmax(Ay)
satisfies

)‘maX(AN) = tllm A tHN

log |le
Hence, for each d5 > 0, there exists a sufficiently large ¢t > 0
such that

Omax(Ax) +02)t Vit > to.

log [le ||y <

Consequently,

1 - C,
T trer[lax] log ||e Ny < max{/\max(AN) + 0o, ztf }

for all T > 0, where Ci, := maxco,,) log |leAnt ||y is
independent of T" and thus satisfies Cy, /T — 0 as T — oc.

Therefore,

h(f7 t07

K) < hmsupf n%ax 10g||e NN

T—o0 0,77
< nmax{Amax(Ay) + 82, 0}.

As (52
h’(fv tOv

> (0 is arbitrary, we conclude that the entropy
K) satisfies the upper bound in (28). O

D. Proof of Theorem 1 and Proposition 1

Proof of Theorem 1. First, the general system (1) can be
viewed as an interconnected system (19) with a single sub-
system. Consequently, the upper bound in (9) on the entropy
of (1) follows from the upper bound in (28) on the entropy of
(19) by setting m = 1 and letting the “local” matrix measure
u1(+) be the given matrix measure u(-).

Second, we prove the lower bound in (11) using volume-
based arguments. For arbitrary 7' > 0 and ¢ > 0, the lower
bound in (39) on the volume of the reachable set implies

vol(&(to + T, to, K)) > 70t t0) yol (K).

Let F be a minimal (T, ¢)-spanning set. By the equivalence
of norms on finite-dimensional vector spaces, there exists a
constant r,, > 0 such that

[V|oo < Too|V] VoveR"

for the given norm | - |. Hence
E(to+Toto, K) C | J{Z € R : |2 — &(to + T, to, )| < e}
reE
C (J{z eR™ |2 — &(to + T to, )00 < Toct},
el
and thus

VOl(g(tO + T7 t07 K))

< Z vol{Z € R™ : |Z — &(to + T, t0, T)|oo < TooE})
zeFE

= (2rooe)"#E.
Therefore, the minimal cardinality of a (T, ¢)-spanning set
satisfies
VOI(E(tO + Ta th K))
(2r00e)™
eV(to+T ko) vol(K)
(2ro0e)™
Consequently, by the definition of entropy (4), we have

h(f) t07 K)
> hm inf lim sup Y(to + T to) + log(vol(K)/(2re)™)
T—o0 T

_ 1 ’Y( 0 + Ta to)
=l1msup —————
T—00 T

where C' := log(vol(K)/(2r~e)™) is independent of T' and
thus satisfies C/T — 0 as T — oco. As the minimum in
~v(to + T, o) is a superadditive function, we have

h(f7 t07K)
1 to+T
T /to <1r)ré1n tr(J, f(s

The lower limit in (12) implies that, for each §; > 0, there
exists a sufficiently large ¢; > tg such that

’Iuréi}(ltr(‘]zf(tvf(t7t()vv))) Z )2 - 51

S(f7t07€7T7K) :#EZ

lim lim
T

> lim sup
T—o0

(s.t0.0) ) ds

Vi>t.

Consequently,

to+T Ct
f/ (mlntrJ f(s f(&to,v)))) ds > x — 1 + Tl

for all T > t1 — tg, where

t1
Cy, ::/ (mlntr(J f(s
to veEK

is independent of T and thus satisfies C;, /T — 0 as T — o0.
Therefore,

aamw»»wx—mgds

h(fa t07K)
1 [to+T
> limsup—/ (mlntr(J f(s,8(s,t0,v )))) ds
T—oc0 to vek
> X — 01

As 01 > 0 is arbitrary and h(f, %o, K) > 0, we conclude that
the entropy h(f,to, K) satisfies the lower bound in (11). O



Proof of Proposition 1. The general system (1) can be viewed
as an interconnected system (19) composed of n scalar sub-
systems. Consequently, the upper bound in (14) on the entropy
of (1) follows from the upper bound in (28) on the entropy of
(19) by setting m = n and letting the “local” norms be the
absolute value (in which case the “local” matrix measure of a
scalar is simply the scalar itself). O

VII. CONCLUSION

This paper studied the topological entropy of general and
interconnected nonlinear time-varying systems. We analyzed
the dependence of entropy on the initial set and initial time,
and established both upper and lower bounds on entropy.
For interconnected systems, we constructed an interconnection
matrix function that captures information from the Jacobian
matrices of each subsystem and their interactions. We then
derived upper bounds on entropy in terms of either the matrix
measure of this function or its eigenvalue with the largest real
part, maximized over the w-limit set or its convex variations.
For general systems, we established upper bounds on entropy
by viewing them as interconnected systems composed of either
a single subsystem or scalar subsystems. This yielded two
upper bounds on entropy, neither of which is uniformly tighter.

This framework provides a flexible method for constructing
bounds on entropy, with several notable features:

o It enables the derivation of tighter or analytically more
tractable bounds, depending on the complexity of char-
acterizing the w-limit set or its convex variations.

« It is modularized into three steps: constructing a bound
on the separation between trajectories (Section VI-A),
formulating spanning sets (Section VI-B), and deriving
a bound on entropy (Section VI-C). Each step can be
adapted individually for different applications, as illus-
trated in part by the alternative bounds in Section V.

+ Beyond decomposing a system into scalar subsystems,
the method supports arbitrary decompositions, which can
potentially be optimized based on the system structure.

Future work will focus on improving the bounds by further
analyzing the effect of time-varying dynamics (cf. [37]),
extending the framework to systems with special structure such
as cascade interconnection, and studying the computational
complexity of the proposed bounds.

APPENDIX |
PROOFS OF TECHNICAL LEMMAS

A. Proof of Lemma 2

Fix t1 > to and let Ky := £(¢1,t0, K). Consider arbitrary
T >t —tgand € > 0.

First, let Ey be a minimal (7 ¢)-spanning set for K at
to. We show that F| := f(tl,to,E()) is a (t() + T — thE)-
spanning set for K at ¢;. By definition, for each z € K,
there exist Z € K and x € E; such that zZ = £(¢1,t0,Z) and
Z € By, (z,e,T). Then for z := {(t1,to, ) € E1, we have

‘§(t7t175) - g(tvtbz)l = ‘E(t,to,i’) - £(t7t0’m)| <eg

for all t € [t1,to + T, that is, Z € Byy (z,6,t0 + T —
t1). Therefore, K1 C U.cp, 2 € Byy (2,6, t0 + T — t1).
Consequently, the minimal cardinality of such a set satisfies
S(f7t17€7t0+T_t17K1) < #El = #EO = S(f7t0a€7Ta K)

By the definition of entropy (4), we conclude that

h(f7t17K1) S Zl(f7 thK)'
Second, let £y be a minimal (tg + 1" — t1,¢)-spanning set
for K7 at ¢t1. Then

#El = S(f,t1,€,t(]+T—t1,K1) S S(fvtlagvTaKl)

as S(f,t1,¢,T, K1) is nondecreasing in T'. By definition, for
each T € K, there exists z € E; such that Z := {(t1,t0, %) €
By, (z,e,t0 +T —t1), that is,

‘g(tvt()vj) - E(ta tla Z)‘ = |§(t7t17 2)
for all ¢ € [t1,to + T]. Hence, for

|£(t7t07‘f) - §(t7tl7z)| < 5}7

—§(t,t1,z)\ <e€

By(z) :== {x eK:

max
te(t1,to+T)
we have K C ., Bo(z). For each z € Ey, let Ey(z) be a

minimal (¢, — to, 2¢)-spanning set for By(z) at to. Then
#Eo(z) = S(f,t0,2e,t1 — to, Bo(2))

S S(f7t0725;t1 - tOvK) S S(f;t(J?Eatl - tOvK)v
where the first inequality holds as By(z) C K, and the second
one holds as S(f,to,e,t1 — tg, K) is nonincreasing in . We
now show that Ey(z) is also a (T, 2¢)-spanning set for By(z)
at to, using the triangle inequality. By definition, for each &
By(z), there exists x € Ey(z) C By(z) such that

‘g(tvt()vi') —g(t,to,fﬂﬂ <2 Vi e [thtl]'
Moreover, for all ¢ € [t1,tg + T, as x,Z € By(z), we also
have

|€(t’t0ai‘) _g(t,to,l‘”
S |£(t7t07j) - £(t7t17 Z)| + |§(t7t07x)

Hence = € By (x,2e,7),
UerO(z) By 4, (x,2¢,T). Therefore,

Kc |JBoz)c |J |J Bra(z.2.7),

z€E, 2€EF, T€E)(2)

—&(t,t1,2)] < 2e.

and thus By(z) C

that is, .z, Fo(2) is a (T,2¢)-spanning set for K at to.
Consequently, the minimal cardinality of such a set satisfies

S(f,t072€aTaK) S Z #EO(Z)
zeEl
< S(f t1,e,T,K1)S(f, to,e,t1 — to, K).

By the definition of entropy (4) we conclude that

h(f, to, Liog S(f,to,2¢,T, K)

= lim lim sup —
) eNO T—oo

< lim lim sup —
eNO T 00

logS(ﬁths T, Ky)

+ lim lim —logS(f,to,s t —

to, K
eN0 T—00 0. K)

< hm lim sup — logS(f,tl,s T, Ky)

0 T5oo

:h(f7t17K1)' O
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B. Proof of Lemma 6

Lemma 6 is established based on the following property of
the interconnected LTV system

m

-’ti:ZAij(t)mja tZto, iE{l,...,m}, (46)
j=1
where A;; : R — R™*™ are piecewise-continuous matrix-

valued functions.

Lemma 10. Consider the matrix-valued function AL (t,to) =
[@;(t,t0)] € R™*™ defined by

ai;(t,to) = m[aX}Mz(Aii(S))a
s€(to,t .. . .
Jlin i,je{l,...,m}:i#3j.
i (tto) == max [[Ai;(s)lij,
SE[to,t]
(47)
For all initial states © = (x1,...,2Ty) € R™ with ©; € R™

for all i, the solution of the interconnected LTV system (46)
satisfies

|£1(t, to, ) |1

|$1|1

< eAi\irn(t:to)(t—to) Vi > 1.

€ (t, t0, @)l

| %0 |

(48)

Proof. For all i € {1,...,m}, t1 > to, and t € [to,t1],
the right-sided derivative of the function ¢ — |&;(¢, 0, x)l;,
denoted by 9;7[&;(t,to, ) :, satisfies

6t+|£1(tat0ax)|7,
% t 7t ) T
[l st
50 s

|£1(t7 tOv x)|z

m
&t to, ) + 5 ) Aiy(t) & (L to, )| — [&(t, to, )]s
=1 .
= lim ! ¢
sN\,0 S
o M sAu(®)lli —
<l it To,
< tim L2200 = D)
+Z|‘Aw ||2J|§J t s o, )|
J#£i
= pi(Aii(1))1& (. to, ) : +Z ([ Az ()[1:51&; (E, to, )]
J#i
it (t1,t0) &i(t, to, @) +Za1m t1,t0)&; (¢, o, )] ;-
J#i
Therefore,
1€1(t, to, 7)1 1€1(t, to, 2) |1
;" : < AN (t1,to) :
‘gm(tat&x”m |§m(t,t0,1’)|m

for all t; >ty and t € [to,t1]. As AlP(¢1,0) defined in (47)
is a Metzler matrix, the upper bound in (48) follows from
standard comparison arguments analogous to those in the proof
of [45, Prop. 1]. O]

Proof of Lemma 6. We prove Lemma 6 by constructing an
LTV system (7) with a suitable matrix-valued function A(t),
using variational arguments from nonlinear systems analysis

(see, e.g., [42, Sec. 2.5]). We then reformulate it as
interconnected LTV system (46) and apply Lemma 10.
Fix arbltrary initial states © = (x1,...,2m),T =

(Z1,...,Zm) € K with z;,Z; € R™ for all 4, and define
u(t,0) = 0£(t, to, ) + (1 — O)E(t, g, ), ¢ > to,0 € [0,1].
Then

6t(£(ta th f) - §(t7 t07 l‘))
= f(tag(tvtmj)) - f(t’§(t7t07$))
= f(t7 V(t’ 1)) - f(t7 V(tv 0))

- / 1A (8,0)) Dv(t,0) 46
0

- ( / B0 u(t,o»de) (&(t10,2) — E(1, 10, 2))

for all t > tp, except on a set of measure zero where
&(t,tg, ) — &(t,to, x) is not continuously differentiable in ¢
(see, e.g., [48, Sec. 4.2.4] for a more rigorous justification).
Hence, the difference §(t to, T) — &(t, to, ) solves the LTV
system (7) with A(t fo J,f(t,v(t,0))df and initial state
T — x at tg.

Next, we write A(t) = [A;;(t)] € R™™ with A;;(t) :=
fo 3., fi(t,v(t,0))d0 € R™"*" for i,j € {1,...,m}. Then
the difference (&1 (L, to,T) — &1(t,to, ), ...,gm(t,to,f) -
Em(t,to,x)) solves the corresponding interconnected LTV

system (46) with initial state (Zy — @1, ..., Tm — Tp,) at to.
By (48), we have
|€1(t7t07j) - fl(tvt()v'r)h
|§m(ta to, j:) - gm(tv to, 33)|m
|z — 211
< eAi\irn(tto)(t—to) Vit > to,

|jm _wm‘m

where the matrix-valued function AR(t,t0) = [ajr(t,t0)] €
R™>™ is defined in (47).

Finally, we compare Ai"(t,¢y) to the matrix-valued func-
tion Ay(t,to, K) = [a;;(t,to, K)] € R™*™ defined in (37).
For all ¢ > 1, as the matrix measures y;(+) and induced norms
|| - |li; are convex functions and v/(t,6) € co(&(t,to, K)) for
all € [0, 1], we have

max fu; </01 3, fi(s,v(s,0)) d@)

—lm
t,tg) =
( 0) s€[to,t]

< max
s€[to,t]

| 0 s vs.09) a0

< max max_ a;(s,v(s,0)) < a;(t, to, K),

s€[to,t] 0€[0,1]

/1 I, fi(s,v(s,0))do
0

~lin
a;; (t,tp) = max
1 ( 0) seltod] y
1
< I fils,v(s,0))]s; 46
< max [, A (5.0
< max max a;;(s,v(s,0)) < a;;(t to, K)

s€[to,t] 0€[0,1]



for all i,j € {1,...,m} with i # j. Therefore, AR"(t,to) <
Ay (t,to, K), and (38) follows. O

C. Proof of Lemma 7

According to [41, Th. 7, p. 24], for each v € R", the
Jacobian matrix J_£(t,to,v) is equal to the state-transition
matrix @ 4(t, to) of the LTV system (7) with the matrix-valued
function A(t) := J,f(¢,&(t,to,v)). By Liouville’s formula
(see, e.g., [49, Th. 4.1, p. 28]), its determinant satisfies

det(J f(t to,v)) _ 6ftt0 tr(J, f(s,€(s,t0,v))) ds

Therefore,

vol(£(t, o, K)) = /K | det(J£(t, to, v))] dv

Vi > 1.

> (i det(0,€(t,t0,0)] ) vl ()

> <min effto tr(Jmf(s,f(S,toﬂ))))ds) vol(K)
veK

= 7 (1) yol(K)
for all ¢ > t, that is, (39) holds. O

D. Proof of Lemma 8
If (42) holds, then

Kc |J

z€G(H)

U Bra(z,e,1).
z€G(0)

Hence, G(0) is a (T, €)-spanning set. Consequently, the min-
imal cardinality of such a set satisfies

S(fto,e, T, K) < #G(0)

SUGIRRN (Y]

If (42) holds for all 7' > 0 and € > 0, then the definition of
entropy (4) implies that

log(2r/6; + 1)

h(f,to, < lim sup lim sup

(10, K) < limsup lim s Zl T
log( 1/9 )
< lim sup lim sup —_—

eNO0  T—oo Z:

lo g(ei + 27")
+ limsuplimsup ——=, (49)

Z N0 T—oo T

i=1
where the last inequality holds as the upper limit is a subad-
ditive function. Moreover, each summand in the last term of
(49) satisfies

log(0; + 2
lim sup lim sup M

eN0  T—oo T
log(26;), log(4
< lim sup lim sup max{log(26:), log(4r)}
eN0  T—oo T
log 6;
= max{lim sup lim sup 08 , 0},
O Tooo T

where the last equality holds in part because 7 is independent
of T'. Therefore, (49) implies (44) under the condition (43).
O

APPENDIX Il
PROOF SKETCHES OF PROPOSITIONS 2 AND 3

First, the proof of Proposition 3 is analogous to that of
Theorem 2. The main difference lies in the construction of
bounds on the separation between trajectories. To establish
Proposition 3, we apply variational arguments to the line
segment connecting two initial states, rather than the one
connecting two solutions as in the proof of Lemma 6. This
leads to the following lemma.

Lemma 11. For the interconnection matrix function
An(t,z) = [a;i(t,xz)] € R™*™ defined in (24), consider
the matrix-valued function AY'(t,to, K) = [al'(t,to, K)] €
R™*™ defined by

a%i(t, tg, K) = to,
i (bto, K) i= max max ai;(s,{(s,to,v))

for i,5 € A{l,...,m}. For all initial states v =
(xl, e ,l‘m),d_? = (5_61, ce ,Q_?m) € K with x;,x; € R™ for
all i, the solutions of the interconnected system (19) satisfy

|£1(t7t07j) - El(t7t07x)|1

‘gm(t7t07i') - gm(tat(),z”m
|71 — 211
< eA;?i(t»to,K)(t*to) Yt > to.

|jm - xm‘m

Applying Lemma 11 in place of Lemma 6 yields the
condition (31) for constants a;; in Proposition 3, in contrast
to the condition (27) for constants &Z-j in Theorem 2.

Second, the proof of Proposition 2 is analogous to that of
Theorem 2 with m = 1. As in the proof sketch of Propo-
sition 3 above, the main difference lies in the construction
of bounds on the separation between trajectories. In addition
to the different application of variational arguments, we use
Coppel’s inequality (see, e.g., [42, Th. 2.5.3, p. 47]) instead
of Lemma 10. This leads to the following lemma.

Lemma 12. For all initial states x,& € K, the solutions of
the system (1) satisfy

€(t,t0,2) — &(t,to,0)| < BNz —a| Vit
with
. t
nlnl(ta t07 K) ‘= Inax / M(Jmf(8’§(87 to; U))) ds.
veco(K) Jy,

Applying Lemma 12 in place of Lemma 6 yields the
constant 1* defined by (30) in Proposition 2, in contrast to
the constant /i defined by (10) in Theorem 1.

Full proofs of Propositions 2 and 3 are available in [50].
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