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On Data-Driven Control of Linear Systems with Quantized Data 
Controller design and stabilization with finite-valued state measurements



• Design: controller design 


• Implementation: controller 


• This work: unknown plant + quantized state measurements

(A, B) → → K

x(k) → → u(k) = Kx(k)

Linear state-feedback control 

Plant (A, B)

Ctrl u(k) = Kx(k)

x(k)u(k)
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Control under communication constraints 
[Liberzon’03, Nair-Fagnani-Zampieri-Evans’07, Jiang-Liu’13, etc.] 
• Communication channel with finite data rate


• Quantized state measurements


• Typically assumes a known plant model 
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Recent data-driven control approaches with quantization  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Recent data-driven control approaches with quantization  
[Li-Zhao-You’24, Miller-Zheng-Sznaier-Hixenbaugh’24, Xu-Sun-Wen-Duan’24, Takaki-Cetinkaya-Ishii’25] 
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Can we perform both controller design and stabilization using only 
finite-valued quantized state measurements?
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• State , control input x ∈ ℝn u ∈ ℝm

•  unknown, , A, B ∥A∥ ≤ α ∥B∥ ≤ β

Quantized measurement ̂x(k) = qk(x(k)), qk : ℝn → 𝒬k, |𝒬k | < ∞

Objective: Design quantizers and controller using only  and  such that .u(k) ̂x(k) x(k) → 0

Problem formulation
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Proposed two-stage framework
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Unknown Plant
x(k)

u(k)

Quantizer

̂x(k)

Stage 1: Controller design 

• Persistently exciting (PE) input 


• Quantizer with prescribed error bound 


• Quantized data 


• Stabilizing controller  via semidefinite 
program (SDP)

u(k)

δ

̂x(k)

K̄

Stage 2: Stabilization 

• Quantized feedback 


• Quantizer with fixed  and shrinking 


• Exponential convergence for 

u(k) = K̄ ̂x(k)

Nk Ek

x(k)
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x(k + 1) = Ax(k) + Bu(k), k = 0,1,…, T

• ∥x(0)∥∞ ≤ E0

• Bounded input , PE of order ∥u(k)∥ ≤ ū n + 1

• T ≥ m(n + 1) + n

Quantizer update

• ∥x(k)∥∞ ≤ Ek, ∥ ̂x(k) − x(k)∥∞ ≤ δ

• Nk = ⌈ Ek

δ ⌉, Ek+1 = α nEk + βū

•  are synchronized locally  only the finite-valued measurement  is transmitted.Ek, Nk → ̂x(k)

Less conservative: Ek+1 = α(∥ ̂x(k)∥ + nδ) + βū



Controller design: Quantized data collection

Data matrices 

• 


• 


• They satisfy


X̂0 := [ ̂x(0) ̂x(1) ⋯ ̂x(T − 1)], X̂1 := [ ̂x(1) ̂x(2) ⋯ ̂x(T)]
U0 := [u(0) u(1) ⋯ u(T − 1)]

X̂1 = AX̂0 + BU0 + Δ0, ∥Δ0∥ ≤ nT(α + 1)δ =: ̂δ



Controller design: Controller synthesis

Quantized SDP 

min
(Q,P)

tr(P) + tr(U0QP−1Q⊤U⊤
0 ) + ω tr(QP−1Q⊤)

subject to

X̂1QP−1Q⊤X̂⊤
1 − P + I ⪯ 0,

P ⪰ I,
X̂0Q = P



Controller design: Controller synthesis

Quantized SDP 

min
(Q,P)

tr(P) + tr(U0QP−1Q⊤U⊤
0 ) + ω tr(QP−1Q⊤)

subject to

X̂1QP−1Q⊤X̂⊤
1 − P + I ⪯ 0,

P ⪰ I,
X̂0Q = P

• For a solution , construct feedback gain (Q̄, P̄) K̄ = U0Q̄P̄−1



Controller design: Guarantees
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Controller design: Guarantees

Theorem 1 (Verifiable certificate [Li-Yang’26]).

• For any feasible solution, compute η1 := 1 − ̂δ2∥Q̄P̄−1Q̄⊤∥ − 2 ̂δ∥X̂1Q̄P̄−1Q̄⊤∥

•  is Schur stableη1 > 0 ⇒ A + BK̄

Theorem 2 (Existence guarantee).

• Suppose controllable  and PE input.(A, B)

• There exists  such that feasible SDP &  for every optimal solutionδ∗ > 0 δ < δ∗ ⟹ η1 > 0

1.  provides a verifiable certificate ensuring the obtained feedback gain is stabilizing. 

2. Sufficiently fine quantization guarantees the verifiable certificate for optimal solutions.

η1 > 0
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Theorem 3 (Exponential convergence).  

• Suppose 


,


where  is the coefficient in the verifiable certificate. 


• Then suitable contraction factor  can be selected such that


,


and hence  exponentially.

Ns > N∗ :=
θ + θ2 + η1ϕ

η1

nλ(P̄)3

λ(P̄)

η1

μ ∈ (0,1)

x(k) ∈ 𝒮(Ek) ⟹ x(k + 1) ∈ 𝒮(μEk)

x(k) → 0

Stabilization: Exponential convergence



LTI system with A = [ 2 1
−1 −1], B = [1
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• T = 5, δ = 0.01

• K̄ = [−1.129 −0.333], η1 = 0.338

Numerical illustration



LTI system with A = [ 2 1
−1 −1], B = [1

0]
• T = 5, δ = 0.01

• K̄ = [−1.129 −0.333], η1 = 0.338

Quantization:

• Controller design:  
Measurement-dependent update ⟹ NT : 42450 → 2658

• Stabilization: 
Simulation:  

Theoretical sufficient bound: 

Ns = 50, μ = 0.95
Ns ≥ 2624

Numerical illustration



Proposition 1. 

• Suppose controllable  and PE input.(A, B)

• As : 
During controller design,  
For all optimal SDP solutions,  and 

δ → 0+

Nk = Θ(δ−1)
1 − η1 = O(δ) N∗ = O(1)
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Proposition 1. 

• Suppose controllable  and PE input.(A, B)

• As : 
During controller design,  
For all optimal SDP solutions,  and 

δ → 0+

Nk = Θ(δ−1)
1 − η1 = O(δ) N∗ = O(1)

Proposition 2. 

• Suppose .ρ(A) > 1

• For all feasible SDP solutions such that , as : η1 > 0 η1 → 0+

N∗ = Ω(η−1
1 )

• Under additional boundedness conditions, N∗ = Θ(η−1
1 )

Quantization trade-offs



• Controller design:  
Stabilizing feedback can be designed directly from finite-valued quantized state data.

• Stabilization:  
A fixed finite number of quantization cells is sufficient for exponential convergence.

• Quantization trade-off:  
Finer quantization during controller design requires more cells for data collection, but can reduce the 
sufficient quantization requirement for stabilization.
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• Controller design:  
Stabilizing feedback can be designed directly from finite-valued quantized state data.

• Stabilization:  
A fixed finite number of quantization cells is sufficient for exponential convergence.

• Quantization trade-off:  
Finer quantization during controller design requires more cells for data collection, but can reduce the 
sufficient quantization requirement for stabilization.

Ongoing work: 

• Reduce conservativeness of the sufficient quantization bounds.

• Relax assumptions on known bounds for , , and .∥x(0)∥ ∥A∥ ∥B∥

Conclusions
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